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CLASS GROUP TWISTS AND GALOIS AVERAGES OF GLn-AUTOMORPHIC
L-FUNCTIONS
JEANINE VAN ORDER
Abstract. Fix n ≥ 2 an integer, and let F be a totally real number field. We derive nonvanishing estimates
for the finite parts of the L-functions of irreducible cuspidal GLn(AF )-automorphic representations twisted
by class group characters or ring class characters of a totally imaginary quadratic extensions K of F ,
evaluated at central values s = 1/2 or more generally values s ∈ C within the strip 1
2
− 1
n2+1
< ℜ(s) < 1.
Assuming the generalized Ramanujan conjecture at infinity, we obtain estimates for all arguments in the
critical strip 0 < ℜ(s) < 1. We also derive finer nonvanishing estimates for central values s = 1/2 twisted
by ring class characters of K. The key idea in our approach is to derive exact integral presentations for the
averages in terms specializations of constant coefficients of certain L2-automorphic forms on GL2(AF ). In
the setting where the representation is cohomological and the dimension n ≥ 2 even, we then use these to
generalize the well-known theorems of Greenberg, Rohrlich, Vatsal, and Cornut-Vatsal for GL2. The latter
result uses existing rationality theorems in the direction of Deligne’s rationality conjecture, which allows us
to reinterpret our averages in terms of Galois conjugacy. It also has various arithmetic applications, including
to Deligne’s conjecture itself for automorphic motives over CM fields via recent works of Harris et alia, as
we explain.
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1
1. Introduction
Let F be a totally real number field of degree d = [F : Q] and adele ring AF . Fix n ≥ 2 an integer, and
let Π = ⊗vΠv be an irreducible cuspidal automorphic representation of GLn(AF ) having unitary central
character ω = ⊗vωΠv . We write Λ(s,Π) = L(s,Π∞)L(s,Π) to denote the standard L-function of Π. Let K
be a totally imaginary quadratic extension of F whose relative discriminant D = DK/F ⊂ OF is prime to the
conductor f(Π) ⊂ OF of Π, and whose associated idele class character of F we denote by η = ηK/F . We write
DK to denote the absolute discriminant of K. Let χ = ⊗wχw be an idele class character of K corresponding
to a ring class Hecke character of K. Hence, there exists a minimal nonzero ideal c ⊂ OF for which χ is a
character of the class group C(Oc) of the OF -order Oc := OF + cOK of conductor c in K. If c = OF , then
this is simply a character of the ideal class group C(OK) of OK . Let us write π(χ) = ⊗vπ(χ)v to denote
the automorphic representation of GL2(AF ) induced from such a character. We consider the corresponding
Rankin-Selberg L-function Λ(s,Π × π(χ)) = L(s,Π∞ × π(χ)∞)L(s,Π × π(χ)) on GLn(AF ) × GL2(AF ).
Equivalently, writing ΠK = ⊗wΠK,w to denote the basechange of Π to an automorphic representations
GLn(AK) (which exists thanks to Arthur-Clozel [1]), we consider the corresponding basechange L-function
Λ(s,ΠK ⊗ χ) = L(s,ΠK,∞ ⊗ χ∞)L(s,ΠK ⊗ χ) of ΠK ⊗ χ on GLn(AK)×GL1(AK). This L-function has a
well-known analytic continuation to all s ∈ C, and satisfies the functional equation
Λ(s,Π× π(χ)) = ǫ(s,Π× π(χ))Λ(1 − s, Π˜⊗ π(χ)).
Here, the epsilon factor
ǫ(s,Π× π(χ)) = q(Π× π(χ))
1
2−sǫ(1/2,Π× π(χ))
is given in terms of the conductor q(Π× π(χ)) and the root number ǫ(1/2,Π×π(χ)) ∈ S1 of Λ(s,Π× π(χ)),
and Π˜ = ⊗vΠ˜v denotes the contragredient representation associated to Π. We derive two main nonvanishing
estimates for values within the strip 0 < ℜ(s) < 1 of these L-functions L(s,Π×π(χ)). Our main innovation is
to derive new integral presentations for these values as sums of specializations of constant coefficients of some
other automorphic form. The estimates we obtain have various arithmetical applications, particularly at the
central value s = 1/2. One well-known example includes Galois averages of central values connected to p-adic
interpolation series appearing in the Iwasawa-Greenberg and related Bloch-Kato conjectures for n ≥ 2 even
(see e.g. [65] and [63] for the setting of dimension n = 4 and more generally Greenberg [25, Conjecture 4.1]).
We explain how to derive finer nonvanishing estimates in this setting through various rationality theorems
in the direction of Deligne’s conjecture [15, §2], independently of the existence of any corresponding p-adic
interpolation series. At the same time, we can also use our estimates to derive results towards Deligne’s
conjecture itself. That is, we can deduce many cases of the nonvanishing hypothesis of Grobner-Harris-Lin
[26, Conjecture 3.7], at least for sufficiently large absolute discriminant DK of K. In this way, our estimates
for central values have applications to Deligne’s rationality conjecture itself for automorphic motives over
CM fields via the work [26] and its forthcoming sequel, as we explain below.
1.1. Class groups twists in the critical strip. We first estimate average values of L(s,Π× π(χ)), for χ
ranging over class group characters of the CM extension K/F , in the more general analytic setting where
s ∈ C is any argument 1/2− 1/(n2 + 1) < ℜ(s) < 1 inside of the critical strip 0 < ℜ(s) < 1. In fact, if the
GLn(AF )-representation is tempered at the real places of F , as predicted by the generalized Ramanujan
conjecture, then we obtain nonvanishing estimates for all 0 < ℜ(s) < 1. In any case, the estimates we obtain
in dimensions n ≥ 3 are completely new, even for the rational number field F = Q. To describe these, recall
that the standard L-function of Π can be described as an Euler product
Λ(s,Π) = L(s,Π∞)L(s,Π) =
∏
v≤∞
L(s,Πv)
whose local components at places v of F where Πv is unramified take the form
L(s,Πv) =
{∏n
j=1 (1− αj,vNv
−s)
−1
for v nonarchimedean∏n
j=1 ΓR(s− µj,v) for v | ∞ real.
Here, the complex numbers αj,v and µj,v correspond to the Satake parameters of Πv, and ΓR(s) = π
− s2Γ
(
s
2
)
.
This L-function Λ(s,Π) is holomorphic except for simple poles at s = 0 and s = 1 when Π is the trivial
2
representation. It also satisfies the functional equation
L(s,Π) = ǫ(s,Π)L(1− s, Π˜),
where Π˜ denotes the contragredient representation, and the ǫ-factor ǫ(s,Π) equals
ǫ(s,Π) = (DnFNf(Π))
1
2−sW (Π).
Here, DF denotes the absolute discriminant of F , with Nf(Π) the absolute norm of the conductor f(Π), and
W (Π) ∈ S1 the root number. The generalized Ramanujan conjecture predicts that for each place v of F for
which Πv is unramified, the Satake parameters satisfy the constraints{
|αj,v| = 1 for each 1 ≤ j ≤ n if v is nonarchimedean
|ℜ(µj,v)| = 0 for each 1 ≤ j ≤ n if v is archimedean.
We know thanks to Luo-Rudnick-Sarnak [45, Theorem 2] that we have the following approximations to this
conjecture as places v where the local representation Πv is unramified:{
| logN(v) |αj,v|| ≤
1
2 −
1
n2+1 for each 1 ≤ j ≤ n if v is nonarchimedean
|ℜ(µj,v)| ≤
1
2 −
1
n2+1 for each 1 ≤ j ≤ n if v is archimedean.
Let us now assume that the archimedean component Π∞ of our fixed representation Π = ⊗vΠv is spherical
unless the generalized Ramanujan conjecture is known or taken for granted (cf. [46], [45]). Let χ denote a
character of the ideal class group of K, with π(χ) again denoting the induced automorphic representation of
GL2(AF ). The corresponding Rankin-Selberg L-function is defined (first for ℜ(s)≫ 1) by an Euler product
Λ(s,Π× π(χ)) = L(s,Π∞ × π(χ)∞)L(s,Π× π(χ)) =
∏
v≤∞
L(s,Πv × π(χ)v).
This completed function Λ(s,Π× π(χ)) is entire, and satisfies the following functional equation ([7, Propo-
sition 4.1]): Assuming that D is coprime to f(Π), we have for any class group character χ of K that
L(s,Π× π(χ)) = ǫ(s,Π× π(χ))L(1− s, Π˜× π(χ)),(1)
where the epsilon factor ǫ(s,Π× π(χ)) is given by the formula
ǫ(s,Π× π(χ)) = (DnKNf(ΠK))
1
2−s ǫ(1/2,Π× π(χ)),
and the root number ǫ(1/2,Π× π(χ)) ∈ S1 by the formula
ǫ(1/2,Π× π(χ)) =W (ΠK) =W (Π)W (Π ⊗ η).
Here we write ΠK to denote the basechange of Π to GLn(AK), and use the well-known equality of L-
functions Λ(s,Π× π(χ)) = L(s,ΠK ⊗ χ). Now, it is also well-known that the root number ǫ(1/2,Π× π(χ))
does not depend on the choice of χ (see e.g. Lemma 2.1). We are therefore justified in dropping the χ from
the notation, writing W (ΠK) = ǫ(1/2,Π× π(χ)) for each χ to denote the corresponding root number. Let
us also consider the quotient of archimedean factors
F (s) =
L(1− s, Π˜∞ × π(χ)∞)
L(s,Π∞ × π(χ)∞)
.(2)
This quotient is also independent of the choice of class group character χ (see Lemma 2.2), and so we are
henceforth justified in dropping the χ from the notation here as well. Notice too that F (δ) 6= 0 for any δ ∈ C
in the interval 12 −
1
n2+1 < ℜ(δ) < 1 thanks to the theorem of Luo-Rudnick-Sarnak [45]. Moreover, if we
know or assume the generalized Ramanujan conjecture at the real places of F , then F (δ) 6= 0 for any δ ∈ C
in the critical strip 0 < ℜ(δ) < 1.
Let us now fix an argument δ ∈ C inside the critical strip 0 < ℜ(δ) < 1. In the event that δ = 1/2 and
Π is self-contragredient, we shall also assume (for nontriviality) that the root number W (ΠK) is not −1.
That is, we shall exclude this situation, as it corresponds to having forced vanishing of central values by the
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functional equation (1). Writing C(OK)
∨ to denote the character group of the ideal class group C(OK) of
OK , we estimate the corresponding average of values at δ, denoted by
XD(Π, δ) =
1
#C(OK)
∑
χ∈C(OK)∨
L(δ,Π× π(χ)).
To describe the estimates we obtain for this average, let us first introduce the symmetric square L-function
Λ(s, Sym2Π) =
∏
v≤∞ L(s, Sym
2Πv) (see [57], [56]). Note that at a finite place v of F where Πv is unramified,
the local Euler factor is given by the expression
L(s, Sym2Πv) =
∏
1≤i≤j≤n
(
1− αi,vαj,vNv
−s
)−1
.
Let cΠ denote the L-function coefficients of Π, so that the finite part L(s,Π) of the standard L-function
Λ(s,Π) = L(s,Π∞)L(s,Π) has the expansion L(s,Π) =
∑
n⊂OF
cΠ(n)Nn
−s for ℜ(s)≫ 1. We can then write
the Dirichlet series expansion of L(s, Sym2Π) for ℜ(s)≫ 1 as
L(s, Sym2Π) = L(2s, ω)
∑
n⊂OF
cΠ(n
2)
Nns
=
∑
m⊂OF
ω(m)
Nm2s
∑
n⊂OF
cΠ(n
2)
Nns
.
Note that by Shahidi [56, Theorem 5.1] and [57], we know that L(1, Sym2Π) does not vanish. We refer to
[23] and [12] for more on the analytic properties satisfied by these L-functions. Here, we shall consider the
partial L-series defined by the following Dirichlet series expansions: Writing 1 = 1F to denote the principal
class of F (so that 1 is simply the ring of integers OF when F has class number one), we consider
L1(s, Sym
2Π) = L1(2s, ω)
∑
n∈1
cΠ(n
2)
Nns
=
∑
m∈1
ω(m)
Nm2s
∑
n∈1
cΠ(n
2)
Nns
.
Note that this Dirichlet series does not generally admit an Euler product. We obtain the following estimate
for the average XD(Π, δ), given in terms of these partial symmetric square L-values L1(s, Sym
2Π). Writing
wK to denote the number of roots of unity in K, or equivalently the number of automorphs of the F -rational
binary quadratic form associated to the principal class of OK , let us lighten notation by putting
Lj(δ) =
{
1
wK
· L1(4(1−δ),ω)L1(4δ,ω) · L1(2δ, Sym
2Π) if j = 1
1
wK
· F (δ) · L1(2(1− δ), Sym
2 Π˜) if j = 2.
We first explain how to derive the following preliminary estimate (which does not appear elsewhere), although
it is not necessary for the nonvanishing estimates we derive later:
Theorem 1.1. Let Π = ⊗vΠv be an irreducible cuspidal GLn(AF )-automorphic representation of conductor
f(Π) ⊂ OF and unitary central character ω = ⊗vωv. Let K be a totally imaginary quadratic extension of F
of relative discriminant D = DK/F ⊂ OF prime to f(Π) and corresponding idele class character η = ηK/F of
F . Let δ ∈ C be any argument in the critical strip 0 < ℜ(δ) < 1. Let us assume that Π is not orthogonal, in
other words that its corresponding symmetric square L-function L(s, Sym2Π) does not have a pole at s = 1.
Writing DK = ND to denote the absolute discriminant of K, and Y = (D
n
KNf(ΠK))
1
2 the square root of
the conductor of each L-function in the average XD(Π, δ), we have for any choice of ε > 0 the estimate
XD(Π, δ) =L(2δ, ηω)L1(δ) +W (ΠK)Y
1−2δL(2(1− δ), ηω)L2(δ)
+OΠ,ε
(
D
n
2 (
3
4+σ0−ℜ(δ)+ε)−
1
2
K
)
.
Here, 0 ≤ σ0 ≤ 1/4 denotes the best known approximation towards the generalized Lindelo¨f hypothesis for
GL2(AF )-automorphic forms in the level aspect (with σ0 = 0 conjectured). Taking σ0 = 103/512 via the
result of Blomer-Harcos [6, Corollary 1], we can then derive the more explicit estimate
XD(Π, δ) =L(2δ, ηω)L1(δ) +W (ΠK)Y
1−2δL(2(1− δ), ηω)L2(δ)
+OΠ,ε
(
D
n
2 (
487
512−ℜ(δ)+ε)−
1
2
K
)
.
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It is easy to see from this estimate that if ℜ(δ) ≥ 12−
1
n2+1 , so that the factor of F (δ) in the second residual
term L2(δ) does not vanish, then the average XD(Π, δ) does not vanish for DK ≫ 1 whenever the inequality
Y 1−2ℜ(δ) > Y
3
4+σ0−ℜ(δ)−
1
n is satisfied, equivalently whenever ℜ(δ) < 14 +
1
n − σ0. In other words, Theorem
1.1 implies that XD(Π, δ) does not vanish for DK ≫ 1, provided that the typically impossible constraint
1
2−
1
n2+1 ≤ ℜ(δ) <
1
4+
1
n−σ0 is satisfied. If we assume that Π satisfies the generalized Ramanujan conjecture
at the real places of F , which is for instance the case for the cohomological representations studied in [23],
then we can extend this discussion to the wider region 0 < ℜ(δ) < 14 +
1
n − σ0.
Using a variation of the underlying argument we give for Theorem 1.1, deriving integral presentations for
the averages in terms of constant coefficients of certain GL2(AF )-automorphic forms (see Theorem 4.10),
we can in fact show the following more general nonvanishing estimate for the averages XD(Π, δ).
Theorem 1.2 (Theorem 4.14). Let Π = ⊗vΠv be a cuspidal automorphic representation of GLn(AF ) of
conductor f(Π) and unitary central character ω = ⊗vωv. Let K be a totally imaginary quadratic extension of
F of relative discriminant D = DK/F prime to f(Π), and corresponding idele class character η = ηK/F of F .
Let δ ∈ C be any argument in the region 0 < ℜ(δ) < 1. Writing DK to denote the absolute discriminant of
K, and Y = (DnKNf(ΠK))
1
2 the square root of the conductor of L(s,ΠK ⊗ χ) for any class group character
χ of K, we derive the following estimate: We have for some choice of constant C > 0 that
XD(Π, δ) = L(2δ, ω)L1(δ) +W (ΠK)Y
1−2δL(2(1− δ), ω)L2(δ) +OC(D
−C
K ).
In particular, if ℜ(δ) ≥ 12 −
1
n2+1 , so that at least one of the residual terms Lj(δ) does not vanish, and we
assume that W (ΠK) 6= −1 in the setting where Π is self-contragredient with δ = 1/2, then XD(Π, δ) does not
vanish for sufficiently large absolute discriminant DK . Moreover, if Π satisfies the generalized Ramanujan
conjecture at the real places of F , then (a) we can widen this region of asymptotic nonvanishing to all δ ∈ C
with ℜ(δ) > 0 and (b) we can derive the Lindelo¨f-on-average estimate XD(Π, 1/2) = OΠ,K(1) +OC(D
−C
K ).
These results are completely new in higher dimensions n ≥ 3, even over the rational number field F = Q.
They have several antecedents in the literature, not only the theorem of Luo-Rudnick-Sarnak [45] (cf. [46]),
but also that of Barthel-Ramakrishan [7] dealing with regions in the critical strip closer to the edge ℜ(s) = 1.
In the special case of dimension n = 2, there is the theorem of Rohrlich [53] which deals with central values
of the completed L-function Λ(s,ΠK ⊗ χ) for ΠK a Hecke Grossencharacter and χ a ring class character.
There is also the estimate of Templier [61] for central derivative values corresponding to the degenerate
case of Π ∼= Π˜ with W (ΠK) = −1 described above, as well as the estimates for moments implicit in the
shifted convolution bounds of Templier-Tsimerman [62] (see also [64] for the setting of totally real fields). In
general, we can also estimate averages over ring class characters of central values in this direction, motivated
in part by a conjecture of Harris et alia (see e.g. [23, Conjecture 3.7]), which leads us to the second and more
arithmetic part of this work.
1.2. Galois averages of central values. Let us now relax the conditions on the archimedean component
Π∞ of Π, and consider the central values L(1/2,Π×π(χ)) as χ ranges over primitive ring class characters of
K a given exact order. Note that such characters are Galois conjugate in the sense that their values as roots
of unity have the same exact order. Given an ideal c ⊂ OF coprime to Df(Π) ⊂ OF , and an integer l ≥ 1
dividing the cardinality #C(Oc) of C(Oc), we estimate the corresponding averages over ring class characters
of C(Oc) of exact order l:
Gl,c(Π) =
1
[C(Oc) : C(Oc)l]
∑
χ∈C(Oc)∨
χl=χ0
L(1/2,Π× π(χ)).
Here, C(Oc)
l denotes the subgroup of l-th powers in C(Oc), and χ0 ∈ C(Oc)
∨ the trivial character. We can
also derive the following estimates for these averages, again given in terms of the L-function L(s, Sym2Π) of
the symmetric square representation of Π at s = 1 (see e.g. [57]). Let us lighten notations by putting
LΠ,K(1) =
1
wK
· L(1, ωη) ·
L1(1, Sym
2Π)
L1(2, ω)
.
We also derive the following theorem using integral presentations in terms of constant coefficients.
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Theorem 1.3 (Theorem 5.10, Corollary 5.11, Proposition 5.16). Let Π = ⊗Πv be an irreducible cuspidal
automorphic representation of GLn(AF ) of conductor f(Π) ⊂ OF and unitary central character ω = ⊗vωΠv .
Let K be a totally imaginary quadratic extension of F of relative discriminant D ⊂ OF prime to f(Π) and
associated idele class character η of F . We shall assume that either (i) Π is not orthogonal, hence that its
symmetric square L-function L(s, Sym2Π) has no pole at s = 1, or (ii) the absolute discriminant DK of K is
sufficiently large. Fix c ⊂ OF a nonzero ideal coprime to f(Π), and let l ≥ 1 be a divisor of the order #C(Oc)
of the corresponding class group C(Oc). Given χ a primitive ring class character of conductor c of c(Oc),
let Y = q(Π× π(χ))
1
2 = (DKNf(ΠK)Nc
2n)
1
2 denote the square root of the conductor of Λ(s,Π× π(χ)), and
W (ΠK) = ǫ(1/2,Π× π(χ)) the root number (which does not depend on the choice of χ; see Lemma 2.1). In
the event that Π is self-contragredient, let us also assume that W (ΠK) 6= −1. Writing wK again to denote
the number of roots of unity in K, we have for some constant κ > 0 the nonvanishing estimate
Gl,c(Π) =
∑
A∈C(Oc)l
(
LΠ,K(1) +W (ΠK) · LΠ˜,K(1) +O(Y
−κ)
)
.
Here, the error term depends on the conductor f(Π) if we assume only (i), and the sum over A ∈ C(Oc)
l is
constant. In particular, assuming either (i) or (ii), we deduce from the nonvanishing of L(1, Sym2Π) that
for Nc sufficiently large, the average Gl,c(Π) does not vanish for any admissible exponent l ≥ 1.
Again, the asymptotic nonvanishing of the average is deduced from the nonvanishing of L(s, Sym2Π) at
s = 1, as shown in [57], and we rule out the possibility of exact cancellation in the non-self-dual setting via
the appearance of the root number W (ΠK) = ǫ(1/2,Π× π(χ)) (which is not generally contained in {±1}).
As well, we derive this estimate from two procedures, leading to the distinct conditions (i) and (ii). The first
procedure (see Theorem 5.10 and Corollary 5.11) is analogous to the proof of Theorem 1.1, using spectral
decompositions of shifted convolution sums to estimate the corresponding off-diagonal contributions, so that
the error depends on f(Π). This dependence is not a problem if the norm of the ring class conductor Nc is
taken to be large. However, it does not allow one to take the norm of the conductor Nf(Π) to be large, for
instance via the conductor of the central character ω. The second procedure, which addresses this issue, uses
only these integral presentations in terms of constant coefficients to reduce the problem to relatively simple
contour estimates, in the same way as for Theorem 4.14. Hence when DK is large, we derive this estimate
without recourse to bounds for shifted convolution sums (see Theorems 5.10 and 5.16).
In each of these approaches, the key step is to express the average Gl,c(Π) as a sum of specializations of
the constant term in the Fourier-Whittaker expansion of some distinct L2-automorphic form on GL2(AF )
constructed from a certain (carefully-chosen) pure tensor ϕ = ⊗vϕv ∈ VΠ. Note that this does not require
any deep result from transcendence or ergodic theory, such as the p-adic analogue of Roth’s theorem used in
Rohrlich [54], or the special case of Ratner’s theorem on p-adic unipotent flows used in the works of Vatsal [66]
and Cornut-Vatsal [13], [14]. It does however require the full strength of the automorphic theory, including the
Eulerian integral presentations for automorphic L-functions on GLn×GL1 derived by Cogdell (see e.g. [10]),
as well as the essential Whittaker vectors at ramified places exhibited by Matringe [48]. The estimate also
implies the generalized Lindelo¨f hypothesis on average for GLn(AK)-automorphic forms in the following
sense: The argument of Proposition 5.16 below shows that for DK sufficiently large and some constant
κ > 0, we have the following estimate for the basechange central value L(1/2,ΠK) = L(1/2,Π)L(1/2,Π⊗η):
L(1/2,ΠK) =
hK
wK
(
LΠ,K(1) + ǫ(1/2,Π)ǫ(1/2,Π⊗ η)LΠ˜,K(1) +O(Y
−κ)
)
.
Here again, Y = (DnKNf(ΠK))
1
2 denotes the square root of the conductor of L(s,ΠK). Taking the norm of
the conductor Nf(ΠK) to be sufficiently large, we deduce that L(1/2,ΠK) converges to a nonzero constant.
Remark Although we do not attempt to do so here, it should be possible to modify the techniques described
above in the self-dual setting with generic root number W (ΠK) = ǫ(1/2,Π × π(χ)) = −1, i.e. where the
central values L(1/2,Π× π(χ)) are all forced to vanish by the functional equation, to derive similar integral
presentations and estimates for the central derivative values L′(1/2,Π× π(χ)).
1.3. Arithmetic applications. Finally, we derive the following arithmetic applications for central values.
We first explain how to use some known cases of Deligne’s rationality conjecture [15, §2] (cf. [32, §3]) to
derive finer nonvanishing theorems in the style of Rohrlich [55], [54], Vatsal [66], and Cornut-Vatsal [13], [14]
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in the setting where Π = ⊗vΠv is a regular cohomological representation of GLn(AF ) of even dimension
n ≥ 2. Such nonvanishing properties, as we explain briefly, have well-known applications to the corresponding
Iwasawa-Greenberg and Bloch-Kato main conjectures. We also derive applications to Deligne’s conjecture
and factorization of periods of certain automorphic motives over CM fields due to Grobner-Harris-Lin [26]
(see also [31], [22], and [32]) and its forthcoming sequel. These latter results relate automorphic periods
on different groups, these periods being associated to motives (for absolute Hodge cycles) occurring in the
cohomology of different Shimura varieties, and are consistent with the predictions of Tate’s conjecture on
cycle classes in l-adic cohomology.
1.3.1. Refinements via rationality theorems. We first derive some stronger nonvanishing properties in the
Iwasawa theoretic setting. Roughly speaking, the rationality theorems we refer to produce complex periods
Ω(ΠK),Ω(Π) ∈ C
× for which the quotients L(1/2,ΠK ⊗ χ)/Ω(ΠK) and L(1/2,Π⊗ ξ)/Ω(Π) are algebraic
numbers, acted upon by the absolute Galois group of Q. This allows us to view the averages Gl,c(Π) as
“Galois averages” over Galois conjugate algebraic numbers. As a consequence of this conjugacy, we obtain
the following refined estimates, which we state here in the setting of prime-power conductor for simplicity.
Theorem 1.4 (Theorem 5.14, Theorem 5.17). Let Π = ⊗vΠv be a cohomological cuspidal automorphic
representation of GLn(AF ) for n ≥ 2 an even integer. Let us write λ = (λj)
n
j=1 to denote the corresponding
highest weight, and w = λj + λn+1−j (for any choice of j) the purity weight. Assume that Π is regular,
i.e. that λi 6= λj for each pair of indices i 6= j. Fix a prime ideal p ⊂ OF coprime to f(Π) ⊂ OF having
underlying rational prime p. Let us also write Q(Π) to denote the Hecke field of Π, obtained by adjoining the
Hecke eigenvalues of Π to Q.
(A) Suppose Π is self-dual, and that λj 6=
w
2 for each index 1 ≤ j ≤ n. Let K be a totally imagi-
nary quadratic extension of F whose relative discriminant D ⊂ OF is coprime to the conductor
f(Π) ⊂ OF . Suppose that either the absolute discriminant DK is sufficiently large, or else that Π is
non-orthogonal. Assume that the generic root number is +1, i.e. that ǫ(1/2,Π×π(χ)) = 1 for all but
finitely many ring class characters χ of K of p-power conductor, and that the Hecke field Q(Π) is
linearly disjoint to the cyclotomic extension Q(µp∞) obtained by adjoining all primitive p-th power
roots of unity. Given sufficiently large integers α ≥ r ≫ 1, the central critical value L(1/2,Π×π(χ))
does not vanish for any primitive ring class character χ of conductor pα and exact order pr. In
particular, if the residue degree [Fp : Qp] of p equals one, then L(1/2,Π× π(χ)) does not vanish for
all but finitely many ring class characters of K of p-power conductor.
(B) Suppose that λn
2
≤ 0 ≤ λn
2
+1 = w− λn
2
. Let ξ be an idele class character of F of p-power conductor
which is unramified at infinity, corresponding to a wide ray class character of some conductor pβ. If
the exponent β ≥ 1 is sufficiently large, then the central critical value L(1/2,Π⊗ ξ) does not vanish,
and similarly L(1/2,Π⊗ ξ′) does not vanish for ξ′ any Galois conjugate of ξ.
Note that this generalizes the well-known theorems of Rohrlich [55], [54], [53] and Greenberg [24] for
GL2(AF ) (typically with F = Q and ΠK replaced by a Hecke Grossencharacter of K), as well as those
of Vatsal [66] and Cornut-Vatsal [13], [14]. In the special setting where the family of (central values of)
L-functions in question has at least one critical point outside of the critical strip 0 < ℜ(s) < 1, i.e. in the
region of absolute convergence (where the nonvanishing is trivial), results of this type can be derived in
the Dirichlet/cyclotomic aspect using congruences for p-adic L-functions (when they are known to exist),
following ideas proposed by Greenberg in [24]. Results of this type are drawn out in the recent works of
Eischen [17], Januszewski [40], and Dimitrov-Januszewski-Raghuram [16], using existence of various p-adic
L-functions constructions as the key input. However, the requirement that the L-functions have critical values
outside of the critical strip is restrictive for most arithmetic applications, for instance to elliptic curves or
Hilbert modular forms of parallel weight two in the setting of dimension n = 4. We take a completely different
approach to this problem, closer in spirit to Ginzburg-Jiang-Rallis [21], deriving integral presentations for
the averages of central values directly to give a more conceptual and automorphic description of the Galois
averages, working adelically rather than p-adically or “classically” over C to obtain nonvanishing estimates.
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Remark We note that these results are consistent with the conjecture of Greenberg [25, § 4], especially for
the setting of periods of automorphic motives we outline below, and suggest that there should be underlying
families of p-adic L-functions (e.g. for anticyclotomic Z
δp
p -extensions of K, where δp = [Fp : Qp]). Moreover,
the recent work of Tilouine-Urban [63] suggests that this conjecture may even have a reformulation in terms
of such automorphic periods. In any case, specializations of p-adic L-functions corresponding to the averages
we consider should carry important arithmetic information about the Selmer groups of the corresponding
automorphic motives, especially in the setting described below.
1.3.2. Factorization of periods and Deligne’s rationality conjecture for automorphic motives over K. Finally,
we explain how we can apply the results of either Theorem 4.14 or Theorem 5.11 to Deligne’s rationality
conjecture [15, §2] for automorphic motives over CM fields using Grobner-Harris-Lin [26, Theorem 5.2] and
its forthcoming sequel. Essentially, these results relate critical values of L-functions of automorphic motives
associated to cohomological automorphic forms on unitary groups to periods of arithmetically normalized
automorphic forms on the corresponding unitary Shimura varieties. In particular, we can use our estimates
to strengthen their preliminary main result [26, Theorem 5.2] to obtain the following relations among the
corresponding automorphic periods.
We begin with the following formal consequence of Theorem 4.14 (or Theorem 5.10 and Corollary 5.11),
which can be used to address [23, Conjecture 3.7]:
Corollary 1.5. Let ΠK be any cuspidal GLn(AK)-automorphic representation which arises via cyclic
basechange from a cuspidal automorphic representation Π of GLn(AF ) of conductor f(Π) ⊂ OF prime
to the relative discriminant DK/F ⊂ OF . Let S be any finite set of nonarchimedean places of the totally real
field F . Fix for each place v ∈ S a continuous algebraic character αv : GL1(OFv ) −→ C
×. Let ρ∞ be an
algebraic character of GL1(K ⊗Q R). There exists an idele class character ρ = ⊗wρw of K with conjugate
self-dual archimedean component ρ∞ such that ρ|F×v = αv for each v ∈ S and such that the following property
holds: If the fundamental discriminant DK is sufficiently large, then the central value L(1/2,ΠK ⊗ ρ) does
not vanish. Moreover, if ΠK is not of orthogonal type, i.e. if L(s, Sym
2Π) does not have a pole at s = 1,
then the requirement that DK be sufficiently large can be removed from the latter assertion.
Proof. Let χ′ = ⊗wχ
′
w be any idele class character ofK whose archimedean component is given by χ
′
∞ = ρ∞,
and whose restrictions to F×v for each v ∈ S are given by χ
′|F×v = αv. Put Π
′
K = ΠK ⊗ χ
′, and view this as
a cuspidal automorphic representation of GLn(AK). We argue that Π
′
K is only self-dual if each continuous
character αv is trivial, in which case we can assume without loss of generality that W (Π
′
K ⊗ ρ∞) 6= −1
after replacing Π′K by Π
′
K ⊗ ξK , where ξK = ξ ◦N denotes the composition with the norm homomorphism
N : K → Q of some suitable primitive even Dirichlet character ξ. TakingDK to be sufficiently large, Theorem
4.14 then implies there exists a class group character χ of K for which L(1/2,Π′K ⊗ χ) = L(1/2,ΠK ⊗ χ
′χ)
does not vanish. Since any such character χ has trivial archimedean component χ∞ and trivial restriction
χ|A×
F
to A×F , it is easy to deduce that the idele class character ρ = χ
′χ of K has archimedean component
ρ∞ = χ
′
∞ and local restrictions ρ|F×v = αv for each v ∈ S. A similar statement can be deduced for χ a
ring class character of K of some conductor coprime to the conductor of Π′K and the discriminant of K via
Theorem 5.10 and Corollary 5.11, with the need for DK to be sufficiently large eliminated if ΠK does not
arise via quadratic basechange from a dihedral cuspidal automorphic representation of GLn(AF ). 
We now outline the application of this result via [26, Theorem 5.2] to factorization of automorphic periods
and Deligne’s conjecture for automorphic motives over CM fields, pointing to precise references for details.
Recall that, given a motive M of rank n defined over Q with coefficients in a number field E, one can
construct via the corresponding l-adic realization an L-series L(s,M) (see e.g. [15, §2] or [32, §2]). This
L-series L(s,M) is only absolutely convergent for ℜ(s) ≫ 1 a priori, but conjectured to have an analytic
continuation Λ(s,M) = L∞(s,M)L(s,M) to all s ∈ C for some archimedean component of gamma factors
L∞(s,M), and to satisfy a functional equation Λ(s,M) = ǫ(s,M)Λ(1 − s,M˜). Granted such an analytic
continuation, an integer m is said to be critical if L∞(s,M) has a pole at s = m, in which case Deligne’s
rationality conjecture predicts following description of the special value L(m,M). Writing c(M) to denote
the Deligne period obtained via the comparison isomorphism between the complexified Betti and de Rham
realizations MB ⊗ C ∼= MdR ⊗ C (with respect to fixed E-bases), and c
±(M) those associated to the
8
invariants of ±1 times the infinite Frobenius map Φ∞ : MB ⊗ C → MB ⊗ C, the special value L(m,M)
should be given up to an nonzero scalar in the number field E by the number (2πi)mn
±1
c±(M). Hence,
writing ∼E to denote equality up to multiplication by nonzero scalar in E, Deligne’s conjecture predicts that
L(m,M) ∼E (2πi)
mn±1c±(M).
A natural analogue of this conjecture can be made for tensor products of motives over number fields, as
explained in [32, § 2-3]. If M arises via the Weil restriction of scalars from a tensor product of automorphic
motivesM(ΠK) and M(Π
′
K) associated to cohomological automorphic representations ΠK of GLn(AK) and
Π′K of GLn−1(AK) defined over the CM field K/F , so M = ResK/Q(M(ΠK) ⊗M(Π
′
K)), then more can
be said about this conjecture. In particular, if ΠK and Π
′
K arise via basechange from cuspidal automorphic
representations of unitary groups defined over F , then this conjecture – including a construction of the
motives M(ΠK) and M(Π
′
K) – is to be addressed in the forthcoming work of Grobner-Harris-Lin, using as
input the following factorization of automorphic periods ([26, Theorem 5.2]). Roughly speaking, if for ρ an
idele class character ofK the central value L(1/2,ΠK⊗ρ) does not vanish, then the strategy initiated in Harris
[31] and Grobner-Harris [22] using known cases of the so-called Ichino-Ikeda-Neal-Harris (IINH) conjecture
can be used to express L(1/2,ΠK ⊗ ρ) in terms of periods of arithmetically normalized automorphic forms
on some related unitary Shimura varieties. Taking the setup of this approach for granted, the preliminary
work [23] derives a factorization of these latter automorphic periods (to be used crucially in the sequel work),
which as explained in [31, §2] is consistent with implications of Tate’s conjecture on algebraic cycles.
To describe and state this factorization theorem more precisely, let us first fix some conventions. Let
S∞ = S∞(K) denote the set of pairs of conjugate complex embeddings v = (ιv, ιv) of K into C, dropping
the subscript v from the notations when the context is clear. Note that S∞ can be identified with the set of
real places of the maximal totally real subfield F ⊂ K via restriction to the first component, or equivalently
via the assignment v → ιv, and that this fixes a CM type of K which we denote by Σ. Let us also write
Gal(K/F ) = {1, c}, so that c denotes the nontrivial automorphism of the quadratic extension K/F . Given
an integer n ≥ 2 and an n-dimensional nondegenerate c-hermitian space (Vn, 〈·, ·〉) defined over K, we write
H = Hn = U(Vn) to denote the corresponding unitary group defined over F .
Recall that a representation ΠK,∞ of G∞ = Gn,∞ = ResK/Q(GLn)(R) is said to be cohomological
if there exists a highest weight module Eµ for which the corresponding relative Lie algebra cohomology
H∗(Lie(G∞),Lie(KG∞),ΠK,∞ ⊗ Eµ) is nontrivial, where KG∞ ⊂ G∞ denotes the product of the centre of
G∞ with the connected component of the identity of a maximal compact subgroup of G∞. This module
Eµ is an irreducible finite dimensional representation of the real Lie group G∞ given by its highest weight
µ = (µv)v∈S∞ . We assume throughout that Eµ is algebraic in the sense that the weight µ has integer
coordinates µ = (µιv , µιv ) ∈ Z
n×Zn (with respect to standard choices of subtorus and basis of complexified
Lie algebra of G∞). Let us also recall that for a given integer m ≥ 1, the representation ΠK,∞ is said to be
m-regular if µι,j − µιv ,j+1 ≥ m and µιv ,j − µιv,j+1 ≥ m for all pairs v = (ιv , ιv) ∈ S∞ and indices 1 ≤ j ≤ n.
If m = 1, then ΠK,∞ is said simply to be regular.
In a similar way, a representation π∞ of H∞ = Hn,∞ = ResK/Q(Hn)(R) is said to be cohomological
if there exists a highest weight module Fλ for which the corresponding relative Lie algebra cohomology
H∗(Lie(H∞),Lie(KH∞), π∞ ⊗ Fλ) is nontrivial, where KH∞ ⊂ H∞ denotes the product of the centre of
H∞ with the connected component of the identity of a maximal compact subgroup of H∞. As explained
in [26, §1.3.2], if π is a unitary automorphic representation of H(AF ) = Hn(AF ) which is tempered and
cohomological with respect to F˜λ, then each of the local archimedean component representations πv of
Hv ∼= U(rv, sv) is isomorphic to one of the dv =
(
n
rv
)
many inequivalent discrete series representations
denoted by πλ,q, for 1 ≤ q ≤ dv. In this way, one can assign to such a cohomological representation π∞
an S∞-tuple of Harish-Chandra parameters (Av)v∈S∞ so that π∞ = ⊗v∈S∞π(Av), where π(Av) denotes the
discrete series representation of Hv with parameter Av. Suppose now that π = ⊗vπv is a square integrable
automorphic representation of H(AF ) whose archimedean component π∞ is cohomological in this sense.
One knows by works of Labesse [44], Harris-Labesse [34], and others ([41], [42], [50], [58]) that there exists
a basechange lifting ΠK = BC(π) of π to GLn(AK). This representation ΠK decomposes into an isobaric
sum ΠK = ΠK(n1)⊞ · · ·⊞ΠK(nk) of conjugate self-dual automorphic representations ΠK(nj) of GLnj (AK)
for some partition
∑k
j=1 nj = n, where each of the representations ΠK(nj) is determined uniquely in terms
of the Satake parameters of π. In particular, if the archimedean component π∞ of π is cohomological, then
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so too is the archimedean component ΠK,∞ of ΠK . Equipped with this information, we can then define the
global L-packet LΦ(H,ΠK) = LΦ(Hn,ΠK) to be the set of all cohomological tempered essentially square
integrable (i.e. square integrable up to a multiple of an idele class character) automorphic representations of
H(AF ) which admit a basechange lifting BC(π) = ΠK to GLn(AK).
Let H(0) = H
(0)
n denote the unitary group of a hermitian space over K having signature (n − 1, 1) at
a fixed complex embedding ι0 : K →֒ C which is definite at each of the remaining complex embeddings
ι 6= ι0. Given an integer 0 ≤ q ≤ n− 1, and writing v0 to denote the real place of F corresponding to ι0, a
representation π ∈ ΠΦ(H
(0), Π˜K) is said to have degree q if the corresponding Harish-Chandra parameter Av0
of πv0 satisfies the condition q(πv0 ) = q(Av0) = q (see [26, § 4.3, Definition 5.1]). The main theorem of [23] is
the following factorization of automorphic periods corresponding to arithmetically normalized automorphic
forms φ(rι0 ,sι0 )(ΠK) on the Shimura variety associated to a unitary group having signature (rι0 , sι0) at ι0,
and periods associated to arithmetically normalized automorphic forms on the Shimura variety associated
to H(0). Given an automorphic representation π, let us write E(π) denote the compositum of the Hecke field
Q(π) with the Galois closure of the CM field K in Q. Given nonzero complex numbers A and B, we then
write A ∼E(pi) B to denote equality up to a nonzero scalar in E(π), so that A = αB for some α ∈ E(π)
×.
Theorem 1.6. Let ΠK be a cohomological cuspidal (n−1)-regular conjugate self-dual automorphic represen-
tation of GLn(AK) of central character ωΠK . Suppose that for each choice of I = (Iι)ι∈Σ ∈ {0, 1, . . . , n}
Σ,
the contragredient representation Π˜K descends via basechange to a cohomological cuspidal automorphic rep-
resentation π of the unitary group UI(AF ) of signature (n− 1, Iι) at each v = (Iι, Iι) ∈ S∞, with tempered
archimedean component π∞. We then write P
I(ΠK) = 〈φI , φI〉 to denote the Petersson inner product 〈·, ·〉
of an arithmetically normalized automorphic form φI on the Shimura variety corresponding to UI , which as
explained in [23, §2.2] decomposes into a product of automorphic periods P I(ΠK) ∼E(ΠK)
∏
ι∈Σ P
(Iι)(ΠK , ι).
Writing M(ΠK) to denote the motive over K with coefficients in E(ΠK) associated (conjecturally) to ΠK ,
these latter automorphic periods can be characterized according to their (conjectural) relation to the motivic
periods Qi(M(ΠK), ι) defined by taking the inner product of a vector in the Betti realization M(ΠK)ι of
M(ΠK) at ι whose image under the comparison isomorphism lands in the i-th bottom degree of the Hodge
filtration for M(ΠK). That is, for each integer 0 ≤ q ≤ n− 1,
Qq+1(M(ΠK), ι) ∼E(ΠK)
P (q+1)(ΠK , ι)
P (q)(ΠK , ι)
.
For each integer 0 ≤ q ≤ n − 1, let π(q) = π(q, ι0) ∈ ΠΦ(H
(0), Π˜K) be an element of degree q. Let
Q(π(q)) = 〈φpi(q), φpi(q)〉 denote the Petersson inner product 〈·, ·〉 of a de Rham-rational vector φpi(q) ∈ Vpi(q)
(see [23, § 2.6]), and p(ωΠK ,Σ) the CM period associated to the idele class character ω
c
ΠK of K and the CM-
type Σ (as defined e.g. in the appendix to [33]). Assume in addition that the following criteria are satisfied:
(a) The Gan-Gross-Prasad conjecture of Ichino-Ikeda and Neal Harris ([26, Conjecture 3.3]) for pairs of
cohomological representations on totally definite and definite-at-all-but-one-real-place unitary groups
over F holds. This is known if these groups have the following signatures (see [26, Assumption 4.7]):
There exists a pair v0 ∈ S∞(K) such that (rv0 , sv0) = (n−1, 1) and (r
′
v0 , s
′
v0) = (n−1, 1) respectively;
for v 6= v0 the signatures are given by (n, 0) and (n− 1, 0) respectively. (See also [2], [3], and [4]).
(b) Either (i) the absolute discriminant DK is sufficiently large or (ii) ΠK is non-dihedral.
(c) The rationality of archimedean local period integrals associated to coherent cohomology classes of
Shimura varieties as posed in [26, Conjecture 4.16] holds.
Then, we have for each integer 0 ≤ q ≤ n− 1 the factorization of automorphic periods
Q(π(q)) ∼E(pi(q)) p(ω
c
ΠK ,Σ)
−1P
(q+1)(ΠK , ι0)
P (q)(ΠK , ι0)
.
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In other words, the works of [31], [22], and [26] forge a passage to showing the highly non-obvious relation
of automorphic motivic periods
Q(π(q)) ∼E(pi(q)) p(ω
c
ΠK ,Σ)
−1Qq+1(M(ΠK), ι0).
As explained in [26, §1], the most serious hypothesis of their work is that of [26, Conjecture 3.7], which we
address in Corollary 1.5 if either ΠK is non-dihedral or the absolute discriminant DK of K sufficiently large.
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2. Rankin-Selberg L-functions
Fix n ≥ 2 an integer, and let Π = ⊗vΠv be a cuspidal GLn(AF )-automorphic representation with unitary
central character ω = ⊗vωv (an idele class character of F ). Fix K a totally imaginary quadratic extension
of F , and let χ be a ring class character of K of some conductor c ⊂ OF . Recall that such characters factor
through the class group C(Oc) of the OF -order Oc := OF + cOK of conductor c of OK ,
C(Oc) = A
×
K/K
×
∞K
×Ô×c .
Given such a character χ, let π(χ) denote the corresponding induced automorphic representation of GL2(AF ).
Note that this induced representation π(χ) has conductor Dc2, where D = DK/F ⊂ OF denotes the relative
discriminant of K/F , and c = c(χ) ⊂ OF the conductor of the ring class character χ. We consider the
GLn(AF )×GL2(AF ) Rankin-Selberg L-function
Λ(s,Π× π(χ)) =
∏
v≤∞
L(s,Πv × π(χ)v) = L(s,Π∞ × π(χ)∞)L(s,Π× π(χ))
of Π times π(χ), whose Euler factors L(s,Πv × π(χ)v) at places v of F where both local representations Πv
and π(χ)v are unramified take the form
L(s,Πv × π(χ)v) =
{∏n
j=1
∏2
k=1 (1− αj(Πv)αk(π(χ)v)Nv
−s)
−1
if v is nonarchimedean∏n
j=1
∏2
k=1 ΓR(1− µj(Πv)− µk(π(χ)v)) if v is real.
2.1. Basechange equivalence. Let us now record that Λ(s,Π × π(χ)) is equivalent to the GLn(AK) ×
GL1(AK) L-function of the basechange ΠK = ⊗wΠK,w of Π to GLn(AK), twisted by the idele class character
χ = ⊗wχw of K. That is, we have the equivalence of L-functions Λ(s,Π× π(χ)) = Λ(s,ΠK ⊗ χ), where
Λ(s,ΠK ⊗ χ) =
∏
w≤∞
L(s,ΠK,w ⊗ χw) = L(s,ΠK,∞ ⊗ χ∞)L(s,ΠK ⊗ χ)
is the L-function of degree n over K whose Euler factors at places w of K where neither ΠK,w nor χw is
ramified take the form
L(s,ΠK,w ⊗ χw) =
{∏n
j=1 (1− αj(ΠK,w)Nw
−s)
−1
if w is nonarchimedean∏n
j=1 ΓC(s− µj(ΠK,w)) if w is complex.
Here, we use the standard notation ΓC(s) = 2(2π)
−sΓ(s), and the coefficients αj(Πw) and µj(Πw) are once
again determined by the Satake parameters of the corresponding local representation ΠK,w. Observe too
that the Euler factors at the archimedean places do not depend on the choice of ring class character χ, as a
consequence of the fact that such characters are unramified at infinity (cf. [53], [7]). This latter L-function
Λ(s,ΠK ⊗ χ) has an analytic continuation and functional equation completely analogous to the standard
L-function Λ(s,Π) described above (see e.g. [7]). Using this, we deduce that L(s,Π× π(χ)) has an analytic
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continuation to the complex plane, with at worst simple poles at s = 0, 1 if ΠK ⊗ χ is trivial, and satisfies
the functional equation
Λ(s,Π× π(χ)) = ǫ(s,Π× π(χ))Λ(1 − s, Π˜× π(χ)).
Here, the epsilon factor is given by
ǫ(s,Π× π(χ)) = (DnKNf(ΠK)Nf(χ)
n)
1
2−s ǫ(1/2,Π× π(χ)),
where DK denotes the absolute discriminant of K, andNf(ΠK) the absolute norm of the conductor f(ΠK) ⊂
OK of the basechange representation ΠK .
2.2. Root number invariance. Keep the setup above, withK a totally imaginary quadratic extension of F ,
and χ a ring class character of K of conductor c ⊂ OF . The root number ǫ(1/2,Π× π(χ)) = ǫ(1/2,ΠK ⊗ χ)
can be given explicitly in terms of the root number ǫ(1/2,Π) of the standard L-function Λ(s,Π), and in
particular does not depend on the choice of ring class character χ. To be more precise, we have the following
formula for this root number (whose exact form we shall not require in our subsequent arguments).
Proposition 2.1. Let Π be an irreducible cuspidal GLn(AF )-automorphic representation. Let ΠK denote its
basechange to GLn(AK), with f(ΠK) its conductor. Let χ be any primitive ring class character of K, whose
conductor as an ideal of OK we write as f(χK) ⊂ OK . If we assume that (f(ΠK), f(χK)) = (f(Π),Dc(χ)
2) = 1,
then the root number ǫ(1/2,ΠK ⊗ χ) = ǫ(1/2,Π× π(χ)) is given by the formula
ǫ(1/2,ΠK ⊗ χ) = ω(Dc(χ)
2)η(f(Π))ǫ(1/2,Π)2,
which in particular does not depend on the choice of ring class character χ (but rather the conductor c(χ)).
Proof. We refer to [7, Proposition 4.1]. If ΠK = ⊗wΠK,w is an irreducible cuspidal GLn(AK)-automorphic
representation of central character ωK , and χ any Hecke character of K conductor f(χ) ⊂ OK coprime to
f(ΠK) which is unramified outside of infinity, then [7, Proposition 4.1] shows that
ǫ(1/2,ΠK ⊗ χ) = ωK(f(χK))χ(f(ΠK ))ǫ(1/2,ΠK)ǫ(1/2, χ)
n.
Using the Artin formalism L(s,ΠK) = L(s,Π)L(s,Π ⊗ η), we have the corresponding decomposition of the
root number ǫ(1/2,ΠK) = ǫ(1/2,Π)ǫ(1/2,Π⊗ η). As explained in [20, Theorem 2 (d)], we can describe the
central character ωK more explicitly as ωK = ω ◦NK/F , where NK/F denotes the relative norm homomor-
phism. Hence, ωK(f(χ)) = ω(NK/F f(χK)) = ω(c(χ)
2) = 1, where c(χ) ⊂ OF denotes the conductor of the
ring class character χ. We thus derive the simplified formula
ǫ(1/2,ΠK ⊗ χ) = ω(c(χ)
2)χ(f(ΠK))ǫ(1/2,Π)ǫ(1/2,Π⊗ η)ǫ(1/2, χ)
n.
Now, a classical calculation due to Hecke (see e.g. [51, Ch. VII, (8.5)]) shows that ǫ(1/2, χ) = τ(χ)Nf(χ)−
1
2 ,
where τ(χ) denotes the Gauss sum corresponding to χ. As well, since ring class characters are equivariant
under complex conjugation, we have that χ = χ, and hence ǫ(1/2, χ) ∈ {±1}. Hence, ǫ(1/2, χ)n = 1 for n
even. In fact, we claim that ǫ(1/2, χ) = 1 for all χ, as can be see more directly from the functional equation
of the Hecke L-function Λ(s, χ) and the underlying theta series. We also claim that χ(f(ΠK)) = 1, so that
the root number formula is given by the simplified formula
ǫ(1/2,ΠK ⊗ χ) = ω(c(χ)
2)ǫ(1/2,Π)ǫ(1/2,Π⊗ η).
Now, assuming as we do that (f(Π),D) = 1, we can use the formula of [7, Proposition 4.1] again to compute
ǫ(1/2,Π⊗ η) = ω(D)η(f(Π))ǫ(1/2,Π)ǫ(1/2, η)n = ω(Dc(χ)2)η(f(Π))ǫ(1/2,Π)
to derive the stated formula. 
Note that if the conductor f(Π) of Π is coprime to the conductor Dc(χ)2 of π(χ), then we can also describe
the Rankin-Selberg root number ǫ(1/2,Π× π(χ)) in the style of [46, Lemma 2.1], using the calculations of
local epsilon factors given in [38]. This also justifies the independence of the choice of ring class character
χ that we shall take for granted below. To be clear, in the discussion that follows, we shall usually write
W (ΠK) = ǫ(1/2,ΠK⊗χ) = ǫ(1/2,Π×π(χ)) to denote this root number, as Proposition 2.1 justifies dropping
the dependence on χ from the notation for our averaging setup. As well, we shall rule out forced vanishing
in the self-dual setting Π ∼= Π˜ by insisting that W (ΠK) 6= −1.
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2.3. Gamma factor invariance. Again, we retain the setup described above. We have the following in-
variance of archimedean components L(s,Π∞× π(χ)∞) on the choice of ring class character χ, analogous to
the setting with the root numbers ǫ(1/2,Π× π(χ)).
Lemma 2.2. If an idele class character χ = ⊗χw of K is a class group character or more generally ring
class character, then the archimedean component χ∞ is trivial, and hence L(s,ΠK,∞ ⊗ χ∞) = L(s,ΠK,∞).
As a consequence, for a quadratic extension of number fields K/F , we have for any class group character χ
of K that
L(s,Π∞ × π(χ)∞) = L(s,ΠK,∞) = L(s,Π∞)L(s,Π∞ ⊗ η∞).
In particular, the archimedean component L(s,Π∞×π(χ)∞) of Λ(s,Π×π(χ)) does not depend on the choice
of class group character χ of K.
Proof. Consider the Euler product decomposition
Λ(s,ΠK ⊗ χ) = L(s,ΠK,∞ ⊗ χ∞)L(s,ΠK ⊗ χ) =
∏
w≤∞
L(s,ΠK,w ⊗ χw)
over all places w of K. Notice that we have the Artin decomposition
Λ(s,ΠK) = Λ(s,Π)Λ(s,Π⊗ η) = L(s,Π∞)L(s,Π∞ ⊗ η∞)L(s,Π)L(s,Π⊗ η)(3)
for the standard L-function Λ(s,ΠK) = L(s,ΠK,∞)L(s,ΠK) of ΠK . Now, it is a classical result (see e.g. [51,
Corollary (6.10)]) that the archimedean component χ∞ of any class group character χ is trivial, in which
case we derive (via (3)) that
L(s,ΠK,∞ ⊗ χ∞) = L(s,ΠK,∞) = L(s,Π∞)L(s,Π∞ ⊗ η∞).
The result is then easy to deduce, using that Λ(s,Π× π(χ)) = L(s,ΠK ⊗ χ). 
Recall that we consider the quotient of archimedean factors F (s) defined in (2) above.
Corollary 2.3. The function F (s) has no poles in the region 0 < ℜ(s) < 12 +
1
n2+1 .
Proof. Note that by Lemma 2.2, we have the equivalent expressions
F (s) =
L(1− s, Π˜K,∞)
L(s,ΠK,∞)
=
L(1− s, Π˜∞)L(1− s, Π˜∞ ⊗ η∞)
L(s,Π∞)L(Π∞ ⊗ η∞)
.
Writing (µK,j,w)w|∞ to denote the Satake parameters of the basechange component ΠK,∞, we know thanks
to Luo-Rudnick-Sarnak [45, Theorem 2] that
|ℜ(µj,v)| ≤
1
2
−
1
n2 + 1
for each 1 ≤ j ≤ n and each archimedean place v | ∞ of F
|ℜ(µK,j,v)| ≤
1
2
−
1
n2 + 1
for each 1 ≤ j ≤ n and each archimedean place w | ∞ of K .
The claim is then easy to deduce from the definition L(s,ΠK,∞) =
∏
w|∞ L(s,ΠK,w). 
2.4. Dirichlet series expansions. Fix χ a ring class character of K of conductor c ⊂ OF . For ℜ(s) > s,
we can write Λ(s,Π×π(χ)) = L∞(s,Π∞×π(χ)∞)L(s,Π×π(χ)), where the Euler product over finite places
L(s,Π× π(χ)) has the expansion
L(s,Π× π(χ)) =
∑
m⊂OF
ηω(m)
Nm2s
∑
n⊂OF
cΠ(n)
Nns
∑
A∈C(Oc)
rA(n)χ(A).
Here, the first two sums range over nonzero ideals in the ring of integers OF , and we omit this obvious
condition from the notations throughout. The third sum ranges over classes A of order Oc = OF + cOK of
conductor c in K, and rA(n) denotes the number of ideals in a class A whose image under the relative norm
homomorphism NK/F : K → F equals n.
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3. Projected cuspidal forms
Let ψ = ⊗vψv be the standard additive character on AF /F . Hence, ψ is the unique continuous additive
character of AF which is trivial on F , given by x 7→ exp(2πi(x1 + · · ·xd)) on x = (xj)
d
j=1 ∈ F∞ = F ⊗Q R,
and at each nonarchimedean place v (identified with its corresponding prime v ⊂ OF ) is trivial on the local
inverse different d−1F,v but nontrivial on vd
−1
F,v. We extend this additive character ψ in the usual way to the
unipotent subgroup Nn ⊂ GLn.
Fix (Π, VΠ) an irreducible cuspidal GLn(AF )-automorphic representation, and let ϕ = ⊗vϕv ∈ VΠ be a
pure tensor. We view ϕ as a cuspidal automorphic form on GLn(AF ). Hence for g ∈ GLn(AF ), it has the
Fourier-Whittaker expansion
ϕ(g) =
∑
γ∈Nn−1(F )\GLn−1(F )
Wϕ
((
γ
1
)
g
)
,
where
Wϕ(g) =Wϕ,ψ(g) =
∫
Nn(F )\Nn(AF )
ϕ(ng)ψ−1(n)dn.
This series converges absolutely and uniformly on compact sets of GLn(AF ). Note that this expansion in
the case of n ≥ 3 is a theorem due to Piatetski-Shapiro and Shalika. In the special case of n = 2, it takes
the simpler, familiar form
ϕ(g) =
∑
γ∈F×
Wϕ
((
γ
1
)
g
)
,
where
Wϕ(g) =
∫
AF /F
ϕ
((
1 x
1
)
g
)
ψ(−x)dx.
We now consider the image of ϕ under a certain projection operator Pn1 to the mirabolic subgroup of
P2(AF ) ⊂ GL2(AF ), and in particular its Fourier-Whittaker expansion. This operator P
n
1 plays a promi-
nent role in Cogdell’s theory of Eulerian integral presentations for automorphic L-functions on GLn(AF )×
GL1(AF ) (see e.g. [10, §2.2.1]), however the construction itself goes back to earlier works of Ginzburg,
Jacquet, Piatetski-Shapiro, and Shalika. Here, we shall use it in a precise way to derive (new) integral
presentations for the averages we seek to estimate.
3.1. Definitions and Fourier-Whittaker expansions. Let Yn,1 ⊂ GLn denote the maximal unipotent
subgroup of the parabolic subgroup attached to the partition (2, 1, . . . , 1) of n. Note in particular that we have
the semi-direct product decomposition Nn = N2⋉Yn,1. Note as well that Yn,1 is normalized by GL2 ⊂ GLn.
Let P2 denote the mirabolic subgroup
P2 =
{(
∗ ∗
0 1
)}
⊂ GL2 −→ GL2×GL1× · · · ×GL1 ⊂ GLn .
Fixing ϕ ∈ VΠ as above, we then define the projection P
n
1ϕ for any p ∈ P2(AF ) by
P
n
1ϕ(p) = | det(p)|
−(n−22 )
∫
Yn,1(F )\Yn,1(AF )
ϕ
(
y
(
p
1n−2
))
ψ−1(y)dy,(4)
where 1m for a positive integer m denotes the m×m identity matrix. This integral is taken over a compact
domain, and hence converges absolutely.
Proposition 3.1 (Cogdell). Given a cuspidal automorphic form ϕ on GLn(AF ), the projection P
n
1ϕ defined
by the integral (4) is a cuspidal automorphic form on P2(AF ) having the Fourier-Whittaker expansion
P
n
1ϕ(p) = | det(p)|
−(n−22 )
∑
γ∈F×
Wϕ
((
γ
1n−1
)(
p
1n−2
))
.
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In particular, for x ∈ AF a generic adele and y ∈ AF a generic idele, we have that
P
n
1ϕ
((
y x
1
))
= |y|−(
n−2
2 )
∑
γ∈F×
Wϕ
((
yγ
1n−1
))
ψ(γx).
Proof. See [10, Lemma 5.2] or [11, §2.2.1] for the first two statements. The third is an easy consequence of
specialization. We spell out the proofs in this setting for the convenience of the reader. Let us first show that
P
n
1ϕ determines a cuspidal automorphic form on P2(AF ). Consider the normalized function
ϕ′(p) = | det(p)|
n−2
2 P
n
1ϕ(p).(5)
Since ϕ(g) is smooth on GLn(AF ), we deduce that ϕ
′(p) is smooth on P2(AF ). To check that ϕ
′(p) is
automorphic, let us for γ ∈ P2(F ) consider the integral
ϕ′(γp) =
∫
Yn,1(F )\Yn,1(AF )
ϕ
(
y
(
γ
1n−2
)(
p
1n−2
))
ψ−1(y)dy.
Since P2 normalizes Ym,1 and fixes ψ, we can make the change of variables
y 7−→
(
γ
1n−2
)
y
(
γ
1n−2
)−1
to derive
ϕ′(γp) =
∫
Yn,1(F )\Yn,1(AF )
ϕ
((
γ
1n−2
)
y
(
p
1n−2
))
ψ−1(y)dy.
Since ϕ(g) is automorphic on GLn(AF ), it is left invariant under GLn(F ), and so we deduce that ϕ
′(γp) =
ϕ′(p). That is, we deduce that ϕ′(p) is an automorphic form on P2(AF ). To check that ϕ
′(p) is cuspidal, let
U ⊂ P2 denote the standard unipotent subgroup attached to a partition (n1, n2) of 2, so that it will do to
show the generic vanishing of the integral∫
U(F )\U(AF )
ϕ′(up)du
=
∫
U(F )\U(AF )
∫
Yn,1(F )\Yn,1(AF )
ϕ
(
y
(
u
1n−2
)(
p
1n−2
))
ψ−1(y)dy.
Let U ′ = U ⋉ Yn,1 ⊂ GLn be the standard unipotent subgroup attached to the partition (n1, n2, 1, . . . , 1)
of n. Let U ′′ ⊂ GLn be the standard unipotent subgroup attached to the partition (n1, n2, n− 2) of n. Let
N˜n−2 ⊂ GLn denote the subgroup determined by the image of the embedding
Nn−2 −→ GLn, n 7−→
(
12
n
)
.
We have the decomposition U ′ = N˜n−2 ⋉ U
′′. Let us now extend the additive character ψ on Yn,1 to U
′ by
taking it to be trivial on U . Hence in this latter decomposition, the additive character ψ is trivial on the
component corresponding to U , and depends only on that of N˜n−2, where it coincides with the standard
additive character on Nn−2. This allows us to unwind the latter integral as∫
U(F )\U(AF )
ϕ′(up)du
=
∫
Nn−2(F )\Nn−2(AF )
∫
U ′′(F )\U ′′(AF )
ϕ
(
u′′
(
12
n
)(
p
1n−2
))
du′′ψ−1(n)dn.
Since ϕ is cuspidal on GLn, and since U
′′ is the standard unipotent subgroup of GLn, we find that∫
U ′′(F )\U ′′(AF )
ϕ
(
u′′
(
12
n
)(
p
1n−2
))
du′′ ≡ 0.
Hence, we find that ∫
U(F )\U(AF )
ϕ′(up)du ≡ 0.
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To derive the Fourier-Whittaker expansion for a generic element p ∈ P2(AF ) as described in the second
statement, let us again consider the normalized function ϕ′ defined by (5). Since we know from the argument
above that ϕ′(p) is a cuspidal automorphic form on the mirabolic subgroup P2(AF ) ⊂ GL2(AF ), we deduce
that it has a Fourier-Whittaker expansion
ϕ′(p) =
∑
γ∈F×
Wϕ′
((
γ
1
)
p
)
,(6)
where
Wϕ′(p) =
∫
N2(F )\N2(AF )
ϕ′(np)ψ−1(n)dn.
We now express (6) in terms of ϕ as follows. Opening up the definition, we have
Wϕ′(p) =
∫
N2(F )\N2(AF )
ϕ′(n′p)ϕ−1(n′)dn′
=
∫
N2(F )\N2(AF )
∫
Yn,1(F )\Yn,1(AF )
ϕ
(
y
(
n′p
1n−2
))
ψ−1(y)dyψ−1(n′)dn′.
The key point is that the maximal unipotent subgroup Nn ⊂ GLn decomposes as Nn = N2 ⋉ Yn,1. Writing
n = n′y ∈ N2 ⋉ Yn,1 accordingly with n
′ ∈ N2 and y ∈ Yn,1, then using that ψ(n) = ψ(n
′)ψ(y), we can
rewrite this latter integral as
Wϕ′(p) =
∫
N2(F )\N2(AF )
ϕ
(
n
(
p
1n−2
)
ψ−1(n)dn
)
=Wϕ
((
p
1n−2
))
.(7)
Substituting (7) back into (6) then gives the desired expansion
ϕ′(p) =
∑
γ∈F×
Wϕ
((
γ
1n−1
)(
p
1n−2
))
.
For the third assertion, writing ϕ′ to denote the normalized function (5), we specialize the previous
expansion to p =
(
y x
1
)
. It is then easy to check that
P
n
1ϕ
((
y x
1
))
=
∑
γ∈F×
Wϕ′
((
γ
1
)(
1 x
1
)(
y
1
))
=
∑
γ∈F×
Wϕ′
((
1 γx
1
)(
γ
1
)(
y
1
))
=
∑
γ∈F×
Wϕ′
((
yγ
1
))
ψ(γx),
which is the same as the stated expansion. 
3.2. Eulerian integral presentations. Let ξ = ⊗vξv be any idele class character of F . Keeping notations
as above, we now consider the integral
I(s, ϕ, ξ) =
∫
A
×
F
/F×
P
n
1ϕ
((
h
1
))
ξ(h)|h|s−
1
2 dh,
defined first for s ∈ C with ℜ(s) > 1. As explained in [10, Lecture 5] or [11, §2.2] (again with m = 1), we
can open up the Fourier-Whittaker expansion of Pn1ϕ in this integral to derive the integral presentation
I(s, ϕ, ξ) =
∫
A
×
F /F
×
∑
γ∈F×
Wϕ
((
γh
1n−1
))
ξ(h)|h|s−
1
2−(
n−2
2 )dh
=
∫
A
×
F
Wϕ
((
h
1n−1
))
ξ(h)|h|s−(
n−1
2 )dh.
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Now, since we choose ϕ = ⊗vϕv ∈ VΠ in such a way that each nonarchimedean local component is an
essential Whittaker vector (thanks to Matringe [48]), we deduce from Cogdell’s theory of Eulerian integrals
for GLn×GL1 that we have the following exact integral presentation for the finite part L(s,Π ⊗ ξ) of the
standard L-function Λ(s,Π⊗ ξ) = L(s,Π∞ ⊗ ξ∞)L(s,Π⊗ ξ) of Π⊗ ξ.
Theorem 3.2 (Cogdell, Matringe). Fix ϕ = ⊗vϕv ∈ VΠ a pure tensor, and assume that each of the
nonarchimedean local factors is an essential Whittaker vector. Let ξ = ⊗vξv be any idele class character of
F . Then, the finite part L(s,Π⊗ ξ) of the standard L-function Λ(s,Π⊗ ξ) = L(s,Π∞ ⊗ χ∞)L(s,Π⊗ ξ) has
the integral presentation
L(s,Π⊗ ξ) =
∏
v<∞
∫
F×v
Wϕv
((
hv
1n−1
))
ξv(hv)|hv|
s−(n−12 )
v dhv
=
∫
A
×
F,f
Wϕ
((
hf
1n−1
))
ξ(hf )|hf |
s−(n−12 )dhf .
Here, we make a suitable choice of measure on F×v for each nonarchimedean place v dividing the conductor
of Π or ξ according to Matringe [48, Corollary 3.3], and for an idele h = (hv)v ∈ A
×
F write the corresponding
decomposition into nonarchimedean and archimedean components as h = hfh∞ for hf ∈ A
×
F,f and h∞ ∈ F
×
∞.
Writing the corresponding decomposition of the specialized Whittaker function as
ρϕ(hf ) :=Wϕ
((
hf
1n−1
))
and Wϕ(h∞) :=Wϕ
((
h∞
1n−1
))
,
and taking ξ to be the trivial character, we then obtain the following description of the Dirichlet series
L(s,Π): Fixing a finite idele representative of each nonzero integral integral ideal m ⊂ OF , and using the
same symbol to denote this so that m ∈ A×F,f , we have that
L(s,Π) :=
∑
m⊂OF
cΠ(m)
Nms
=
∑
m⊂OF
ρϕ(m)
Nms−(
n−1
2 )
.
Proof. The first assertion follows from Cogdell’s theory of Eulerian integrals for GLn×GL1, as described
in [10, Lecture 9], using the result of Matringe [48, Corollary 3.3] to describe the local zeta integrals at
each nonarchimedean place v for which Πv or ξv is ramified. This latter result in particular gives us the
identification
L(s,Πv ⊗ ξv) =
∫
F×v
Wϕv
((
hv
1n−1
))
ξv(hv)|hv|
s−(n−12 )
v dhv
for each nonarchimedean place where Πv or ξv is ramified, the unramified case being well-understood ([10,
Lecture 7]). The second assertion follows after specialization to the trivial character, comparing coefficients
of Mellin transforms. 
In particular (considering s = (n− 1)/2), comparing Fourier-Whittaker coefficients, we deduce from the
third assertion of Proposition 3.1 that for x ∈ AF a generic adele and y = y∞ ∈ F
×
∞ an archimedean idele,
we have the Fourier-Whittaker expansion
P
n
1ϕ
((
y∞ x
1
))
= |y∞|
−(n−22 )
∑
γ∈F×
cΠ(γ)
|γ|
n−1
2
Wϕ (γy∞)ψ(γx).(8)
Here, we also use the symbol γ to denote the image of an F -rational number γ ∈ F× in the ideles A×F under
the diagonal embedding γ 7→ (γ, γ, . . .).
3.3. Surjectivity of the archimedean Kirillov map. Let us now explain the following consequence of the
archimedean Kirillov map for the Whittaker function Wϕ, and hence for the Fourier-Whittaker coefficients
appearing in the expansion (8) of the projected cusp form Pn1ϕ on P2(AF ). Let ϕ = ⊗vϕv ∈ VΠ be a pure
tensor as above, whose nonarchimedean local vectors ϕv taken to be essential Whittaker vectors (again see
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[48]), and let us view this as a cuspidal GLn(AF )-automorphic form. Recall that to such a vector, we have
a corresponding Whittaker function defined on g ∈ GLn(AF ) by
Wϕ (g) =
∫
Nn(F )\Nn(AF )
ϕ(ng)ψ(−n)dn.
Again, Nn ⊂ GLn denotes the maximal unipotent subgroup, and ψ the extension of our fixed additive
character of AF /F to this subgroup in the usual way. We again consider the archimedean component of this
function defined on y∞ ∈ F
×
∞ by
Wϕ(y∞) =Wϕ
((
y∞
1n−1
))
.
Proposition 3.3 (Jacquet-Shalika). Let W be any function in the space L2(F×∞). There exists a pure tensor
ϕ ∈ VΠ whose corresponding archimedean Whittaker function Wϕ(y∞) satisfies Wϕ(y∞) =W (y∞).
Proof. The result is shown in [39, (3.8)]. See also [37, Lemma 5.1]. 
We shall use this result later, together with the expansion (8), to derive integral presentations for the
averages we wish to estimate.
3.4. Theta series and liftings to GL2(AF ). We now say a few words about the automorphic form defined
by Pn1ϕθ, for θ some theta series on GL2(AF ) or its metaplectic cover. Such a discussion leads to some
interesting questions about liftings of Pn1ϕ from the mirabolic subgroup P2(AF ) in general, of direct interest
for the shifted convolution problem for L-function coefficients of GLn(AF )-automorphic forms. Strictly
speaking, we shall not require a full discussion of these issues here, as we shall not require shifted convolution
estimates to derive nonvanishing estimates if DK is sufficiently large. However, we include them to justify
the derivation of relevant shifted convolution estimates later on, as such estimates can be used to strengthen
all of our averaging arguments in the ring class conductor aspect.
3.4.1. Theta series on GL2(AF ). Let θ(g) be a theta series on g ∈ GL2(AF ), or in fact any automorphic
form on GL2(AF ) of some given unitary central character ωθ = ⊗vωθ,v. Consider the function P
n
1ϕθ defined
on g ∈ GL2(AF ) by the rule
P
n
1ϕθ(g) =
{
P
n
1ϕ(g)θ(g) if g ∈ P2(AF )
θ(g) if g /∈ P2(AF ).
Note that we could also define this product more abstractly in terms of the Iwasawa decomposition as follows.
Writing Z2(AF ) ≈ A
×
F to denote the centre of GL2(AF ), and K =
∏
v≤∞Kv = O2(F∞)
∏
v<∞GL2(OFv ) the
maximal compact subgroup, the Iwawasa decomposition GL2(AF ) = P2(AF )Z2(AF )K gives an identification
P2(AF ) ≈ GL2(AF )/Z2(AF )K.(9)
Writing [g] to denote the image of an element g ∈ GL2(AF ) in the quotient on the right hand side of (9),
we can then define the lifting φ of the mirabolic cusp form Pn1ϕ to g ∈ GL2(AF ) by the rule P
n
1ϕ ([g]). It
is easy to check that this rule determines a well-defined L2-automorphic form of trivial weight and central
character on GL2(F )\GL2(AF ). Indeed, it is easy to check from the corresponding properties of the pure
tensor ϕ = ⊗vϕv ∈ VΠ (comparing Fourier-Whittaker expansions) that φ is smooth and of moderate growth.
The left GL2(F )-invariance is easy to check using formal properties of multiplication on the quotient group
together with the left P2(F )-invariance of P
n
1ϕ: That is, we check that P
n
1ϕ ([γg]) = P
n
1ϕ ([γ][g]) = P
n
1ϕ ([g])
for all γ ∈ GL2(F ) and g ∈ GL2(AF ). It is also easy to check that the action of the centre Z2(AF ) is trivial:
P
n
1ϕ([zg]) = P
n
1ϕ ([g]) for all z ∈ Z2(AF ) and g ∈ GL2(AF ). Similarly, we see that the rule is K-finite by
observing it is right K-invariant: Pn1ϕ ([g][k]) = P
n
1ϕ ([gk]) = P
n
1ϕ ([g]) for all g ∈ GL2(AF ) and k ∈ K.
This rule therefore gives us some GL2(AF )-automorphic form of trivial weight and central character in
the L2-sense (without a specified level structure). We can then define the product with the theta series on
g ∈ GL2(AF ) equivalently by the rule P
n
1ϕθ(g) = P
n
1ϕ ([g]) θ(g).
It is easy to check that this product Pn1ϕθ(g) defines a measurable function
P
n
1ϕθ : GL2(F )\GL2(AF ) −→ C
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satisfying the condition
P
n
1ϕθ(zg) = ωθ(z)P
n
1ϕθ(g)
for all elements of the centre z ∈ A×F ≈ Z2(AF ) of GL2(AF ) and g ∈ GL2(AF ). (Note that Z2(AF )∩P2(AF )
consists of the identity matrix 12). Moreover, it can be deduced from the corresponding properties of the
automorphic forms ϕ ∈ VΠ and θ that the function P
n
1ϕθ is square integrable, in other words that∫
Z2(AF )GL2(F )\GL2(AF )
|Pn1ϕθ(g)|
2dg <∞.
Hence, Pn1ϕθ determines an L
2-automorphic form in the Hilbert space
P
n
1ϕθ ∈ L
2(GL2(F )\GL2(AF ), ωθ).
This allows us to treat Pn1ϕθ as an automorphic form on GL2(AF ) in a loose sense. Note however that a
well-known theorem of Harish-Chandra (see e.g. [10, Lecture 3]) implies that the representation
VPn1ϕθ = R(GL2(AF ))P
n
1ϕθ ⊂ L
2(GL2(F )\GL2(AF ), ωθ)
generated by such an L2-automorphic form is in fact admissible in the following sense: Writing K ⊂ GL2(AF )
again to denote the maximal compact subgroup, the dense subspace (VPn1ϕθ)K of K-finite vectors is admissible
as a module over the global Hecke algebra of GL2(AF ).
In this work, we shall be most interested in the Fourier-Whittaker expansion of Pn1ϕθ, which for x ∈ AF
and y = yfy∞ ∈ A
×
F as above can be written as
P
n
1ϕθ
((
y x
1
))
= ρPn1ϕθ0(y) +
∑
γ∈F×
ρPn1ϕθ(γyf)WPn1ϕθ(γy∞)ψ(γx).(10)
In particular, as a function of an archimedean idele y∞ ∈ F
×
∞, the constant coefficient ρPn1ϕθ,0(y∞) is a
smooth function of moderate growth (see e.g. [49, I.2.6]).
3.4.2. Theta series on the metaplectic cover. We now consider a minor variation of the discussion above for
θ a metaplectic theta series, or more generally any genuine automorphic form on the metaplectic cover G of
GL2 (see Gelbart [19, §2]). To summarize the setup briefly, the group of adelic points G(AF ) is a central
extension of GL2(AF ) by the square roots of unity µ2 = {±1}, and fits into the exact sequence
1 −→ µ2 −→ G(AF ) −→ GL2(AF ) −→ 1.
This sequence splits over the rational points GL2(F ), as well as the unipotent subgroup N2(F ) ⊂ GL2(F ).
An automorphic form on G(AF ) is said be to genuine if it transforms nontrivially under the action of µ2,
in which case it corresponds to a Hilbert modular form of half-integral weight. A form which transforms
trivially under µ2 is said to be non-genuine, and corresponds to a lift of a Hilbert modular form of integral
weight (cf. [19, Proposition 3.1, p. 57]). Writing g = (g, ζ) ∈ G(AF ) to denote a generic element, with ζ ∈ µ2
and g ∈ GL2(AF ), and ωθ = ⊗vωθ,v to denote the (unitary) central character of the genuine theta series θ,
let us consider the function Pn1ϕθ defined by
P
n
1ϕθ(g) =
{
P
n
1ϕ(g)θ((g, ζ)) if g ∈ P2(AF )
θ((g, ζ)) if g /∈ P2(AF ).
Again, we could also use the Iwasawa decomposition (9) to define this product equivalently by the rule
P
n
1ϕθ(g) = P
n
1ϕθ ((g, ζ)) = P
n
1ϕ ([g]) θ ((g, ζ)). As well, we argue that this defines a measurable function
P
n
1ϕθ : GL2(F )\G(AF ) −→ C
satisfying the transformation property
P
n
1ϕθ((zg, ζ)) = ωθ(z)P
n
1ϕθ((g, ζ))
for all z ∈ Z2(AF ) ≈ A
×
F and (g, ζ) ∈ G(AF ) as above, and moreover that this function is square integrable
(see [19, §3.3]). This again allows us to view Pn1ϕθ as an L
2-automorphic form in the corresponding Hilbert
space L2(GL2(F )\G(AF ), ωθ).
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As shown in [19], the Hilbert space L2(GL2(F )\G(AF ), ωθ) decomposes into a direct sum of a so-called
discrete spectrum L2disc(GL2(F )\G(AF ), ωθ) plus a continuous spectrum L
2
cont(GL2(F )\G(AF ), ωθ) spanned
by analytic continuations of Eisenstein series:
L2(GL2(F )\G(AF ), ωθ) = L
2
disc(GL2(F )\G(AF ), ωθ)⊕ L
2
cont(GL2(F )\G(AF ), ωθ).
The space L2disc(GL2(F )\G(AF ), ωθ) decomposes further into a subspace of residual forms L
2
res(GL2(F )\G(AF ), ωθ)
which occur as residues of metaplectic Eisenstein series, with orthogonal complement given by the subspace
of cuspidal forms L2cusp(GL2(F )\G(AF ), ωθ) (defined by the usual vanishing condition, [19, p. 53]):
L2disc(GL2(F )\G(AF ), ωθ) = L
2
res(GL2(F )\G(AF ), ωθ)⊕ L
2
cusp(GL2(F )\G(AF ), ωθ).
Although we shall not rely on it for the main nonvanishing estimates we derive, this L2-automorphic form
P
n
1ϕθ can be decomposed spectrally according to this description, in the style of the arguments of [62] and
the extension to totally real number fields worked out in [64]. We explain this deduction in the following
subsection for completeness, recording the estimates that can be derived, which in turn can be used to
strengthen our subsequent averaging arguments in the ring class conductor aspect.
3.4.3. Spectral decompositions of shifted convolution sums. We retain the setup described above leading to
(8), with (Π, VΠ) an irreducible cuspidal GLn(AF )-automorphic representation, and ϕ = ⊗vϕv ∈ VΠ a pure
tensor whose nonarchimedean local components are essential Whittaker vectors. Let Q denote the F -rational
quadratic form Q(x) = x2, and θQ the corresponding genuine theta series on the metaplectic cover G(AF )
of GL2(AF ). To be more explicit, this theta series has the following Fourier-Whittaker expansion (see [62],
[64]): Given x ∈ AF an adele, and y ∈ A
×
F an idele,
θQ
((
y x
1
))
= |y|
1
4
∑
γ∈OF
ψ(Q(γ)(x+ iy)).(11)
The spectral decompositions described above can be used to derive bounds for shifted convolution sums
of coefficients of GLn(AF )-automorphic L-functions, as derived in [64] (following [62] and [6] for n = 2). We
give an indication of the proof for the convenience of the reader; essentially, bounds can be derived from
existing theorems in the literature using the following integral presentation.
Proposition 3.4. Let W ∈ L2(F×∞) be any smooth, square integrable function on F
×
∞. Fix a real number
Y > 0, and let Y∞ = (Y∞,j)
d
j=1 ∈ F
×
∞ be any archimedean idele whose idele norm |Y∞| is equal to Y . Let
α ∈ OF be any nonzero F -integer for which |α| ≫ |Y∞|, i.e. for which |α| ≫ Y . Let ϕ = ⊗vϕv ∈ VΠ be a
pure tensor whose nonarchimedean local vectors are all essential Whittaker vectors, and whose archimedean
local component is chosen so that for any y∞ ∈ F
×
∞, the corresponding Whittaker coefficient is given by
Wϕ(y∞) = |y∞|
n−2
2 ψ(iy∞)ψ
(
−i ·
α
Y∞
)
W (y∞).(12)
Then, the Fourier-Whittaker coefficient at α of the genuine metaplectic form Pn1ϕθQ is given by the formula
∫
AF /F
P
n
1ϕθQ
((
1
Y∞
x
1
))
ψ(−αx)dx =
∣∣∣∣ 1Y∞
∣∣∣∣ 14 ∑
a∈OF
cΠ(Q(a) + α)
|Q(a) + α|
1
2
W
(
Q(a) + α
Y∞
)
.
Proof. We begin with the general case, taking x ∈ AF as above to be a generic adele, and y ∈ A
×
F a generic
idele with nonarchimedean component yf ∈ A
×
F,f and archimedean component y∞ ∈ F
×
∞. Opening up the
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expansions (8) and (11), the using the orthogonality of additive characters on AF /F , we compute∫
AF /F
P
n
1ϕθQ
((
y x
1
))
ψ(−αx)dx
=
∫
AF /F
P
n
1
((
y x
1
))
θQ
((
y x
1
))
ψ(−αx)dx
= |y|
1
4−(
n−2
2 )
∑
γ∈F×
Wϕ
((
yγ
1n−1
)) ∑
a∈OF
ψ(iQ(a)y)
∫
AF /F
ψ(γx−Q(a)x− αx)dx
= |y|
1
4−(
n−2
2 )
∑
α∈OF
Wϕ
((
(Q(a) + α)y
1n−1
))
ψ(iQ(a)y)
= |y|
1
4−(
n−2
2 )
∑
a∈OF
ρϕ((Q(a) + α)yf )Wϕ((Q(a) + α)y∞)ψ(iQ(a)y)
= |y|
1
4−(
n−2
2 )
∑
a∈OF
cΠ(Q(a) + α)
|Q(a) + α|
n−1
2
Wϕ((Q(a) + α)y∞)ψ(iQ(a)y).
Specializing this latter identity to y = yfy∞ = Y
−1
∞ (with yf trivial) then gives∫
AF /F
P
n
1ϕθQ
((
1
Y∞
x
1
))
ψ(−αx)dx
=
∣∣∣∣ 1Y∞
∣∣∣∣ 14−(
n−2
2 ) ∑
a∈OF
cΠ(Q(a) + α)
(Q(a) + α)
n−1
2
Wϕ
(
Q(a) + α
Y∞
)
ψ
(
i ·
Q(α)
Y∞
)
.
Choosing the local archimedean vector as in (12), we then derive the stated identity. 
Applying the arguments of [62] (for F = Q) and more generally [64, §2.6] to the integral presentations in
Proposition 3.4 then gives the following nontrivial estimates for the shifted convolution problem:
Theorem 3.5 ([62], [64]). Let Π = ⊗Πv be an irreducible cuspidal GLn(AF )-automorphic representation.
Let cΠ denote the L-function coefficients of Π, so that the Dirichlet series determined by the Euler product
over finite primes of F of the standard L-function of Π can be written L(s,Π) =
∑
n⊂OF
cΠ(n)Nn
−s for
ℜ(s) > 1. Let 0 ≤ θ0 ≤ 1/2 denote the best known approximation of the exponent towards the generalized
Ramanujan conjecture for GL2(AF )-automorphic forms, with θ0 = 0 conjectured. Let 0 ≤ σ0 ≤ 1/4 denote
the best known approximation of the exponent towards the generalized Lindelo¨f hypothesis for GL2(AF )-
automorphic forms in the level aspect, with σ0 = 0 conjectured. Let α be any nonzero F -integer, and let us
also use the same symbol to denote the image of α under the diagonal embedding α 7→ (α, α, · · · ) ∈ A×F .
Finally, let W ∈ L2(F×∞) be any smooth and summable function whose derivatives are bounded as W
(j) ≪ 1
for all j ≥ 0. Then, given Y∞ ∈ F
×
∞ any archimedean idele with idele norm |Y∞| ≫ |α|, we have the following
uniform estimate:∑
a∈OF
cΠ(a
2 + α)
N(a2 + α)
1
2
W
(
a2 + α
Y∞
)
=MΠ,α · I(W ) · |Y∞|
1
4 +OΠ,ε
(
|Y∞|
θ0
2 −
1
4+ε|α|σ0−
θ0
2 −ε
)
.
Here, MΠ,q is some constant depending only on Π and α. It vanishes unless Π is orthogonal, i.e. unless
the corresponding symmetric square L-function L(s, Sym2Π) has a pole at s = 1, and I(W ) is some linear
functional in W . More concretely, taking θ0 = 7/64 by Blomer-Brumley [5], and then σ0 = 103/512 by
Blomer-Harcos [6, Corollary 1], we obtain the estimate∑
a∈OF
cΠ(a
2 + α)
N(a2 + α)
1
2
W
(
a2 + α
Y∞
)
=MΠ,α · I(W ) · |Y∞|
1
4 +OΠ,ε
(
|Y∞|
− 25128+ε|α|
75
512−ε
)
.
Proof. The proof is derived from those of [62, Theorem 1] and [64, Theorem 1.2] via the integral presentation
of Proposition 3.4. In brief, choosing a pure tensor ϕ = ⊗vϕv ∈ VΠ as in Proposition 3.4, and expanding out
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the Q(a) = a2, we obtain∑
a∈OF
cΠ(a
2 + α)
N(a2 + α)
1
2
W
(
a2 + α
Y∞
)
= |Y∞|
1
4
∫
AF /F
P
n
1ϕθQ
((
1
Y∞
x
1
))
ψ(−αx)dx.
Decomposing the genuine form Pn1ϕθQ ∈ L
2(GL2(F )\G(AF ), ωθQ) spectrally, and using the Sobolev norm
topology to ensure convergence, we reduce to existing bounds for Fourier-Whittaker coefficients of GL2(A)-
automorphic forms (hence the exponent θ0), and bounds for Fourier-Whittaker coefficients of genuine forms
on G(AF ) (hence σ0 is defined via the theorem of Baruch-Mao [8]), together which bounds for Whittaker
functions derived via contour arguments in [62, §7]. We refer to the discussions in [64, §2.6] and [62, § 6-7]
for details. 
4. Class group twists in the critical strip
We now prove Theorems 1.1 and 1.2. We begin by introducing an asymmetric approximate functional
equation to describe the averages, then derive an integral presentation (in the style of Proposition 3.4) to
describe these as sums of constant coefficients of some L2-automorphic form on GL2(AF ). This reduces our
estimates to some relatively simple contour arguments (if not estimates for shifted convolution sums).
4.1. Approximate functional equations. Keep the setup described above, with χ = ⊗χw a class group
character of the fixed totally imaginary quadratic extension K/F . We identify χ with its corresponding idele
class character of K. Notice that the functional equation (1) can be written in the asymmetric form
L(s,Π× π(χ)) = ǫ(1/2,Π× π(χ)) (DnKNf(ΠK))
1
2−s F (s)L(1− s, Π˜× π(χ)),(13)
where F (s) is the quotient of archimedean factors defined in (2), and again the Dirichlet series L(s,Π×π(χ))
corresponds to the Euler product over the finite places of F . Here, we use the description of Lemma 2.2 above,
which in particular shows that this quotient does not depend on the choice of class group character χ. Fix
an argument δ ∈ C in the region 0 < ℜ(δ) < 1. Recall that the Dirichlet series expansion of L(s,Π× π(χ))
for ℜ(s) > 1 is given by
L(s,Π× π(χ)) =
∑
m⊂OF
ωη(m)
Nm2s
∑
n⊂OF
cΠ(n)cχ(n)
Nns
,(14)
where each sum is taken over nonzero integral ideals of F , cΠ denotes the L-function coefficient of Π (so that
L(s,Π) =
∑
n⊂OF
cΠ(n)Nn
−s for ℜ(s)≫ 1), and
cχ(n) =
∑
A∈Cl(OK)
χ(A)rA(n)
the coefficient of the Hecke L-function L(s, χ). Again, this latter sum is taken over the classes A of the ideal
class group Cl(OK) of K, and each rA(n) counts the number of ideals in the class A whose image under the
relative norm homomorphism NK/F : K −→ F equals n.
Choose a smooth and compactly supported test function f ∈ C∞c (R>0), and let k0(s) =
∫∞
0
f(y)ys dyy
denote its Mellin transform. Assume that k0(0) = 1. We can and do suppose that the Mellin transform k0(s)
vanishes at any possible poles of F (s) in the region 12 +
1
n2+1 < ℜ(s) < 1 (see Corollary 2.3). Let us then
define k(s) to be the function of s ∈ C defined by
k(s) = k0(s)L1(4(1− s− δ), ω).
Writing F (s) again to denote the quotient of archimedean factors defined in (2), we consider the following
functions defined on a real variable y ∈ R>0:
V1 (y) =
∫
ℜ(s)=2
k(s)
s
y−s
ds
2πi
(15)
and
V2 (y) = V2,δ (y) =
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
y−s
ds
2πi
.(16)
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Lemma 4.1. We have the following expression for L(s,Π× π(χ)) at any δ ∈ C:
L(δ,Π× π(χ)) =
∑
m⊂OF
ωη(m)
Nm2δ
∑
n⊂OF
cΠ(n)cχ(n)
Nnδ
V1
(
N(m2n)
Y
)
+W (ΠK)Y
1−2δ
∑
m⊂OF
ωη(m)
Nm2(1−δ)
∑
n⊂OF
cΠ˜(n)cχ(n)
Nn1−δ
V2
(
N(m2n)
Y
)
.
Here, W (ΠK) denotes the root number ǫ(1/2,Π× π(χ)), which does not depend on the choice of class group
character χ (see Proposition 2.1).
Proof. The argument is standard (see e.g. [46, Lemma 3.2]). Consider the integral∫
ℜ(s)=2
k(s)
s
L(s+ δ,Π× π(χ))Y s
ds
2πi
.
Shifting the range of integration to ℜ(s) = −2, we cross a simple pole at s = 0 of residue L(δ,Π × π(χ)).
The remaining integral ∫
ℜ(s)=−2
k(s)
s
L(s+ δ,Π× π(χ))Y s
ds
2πi
is then evaluated using the functional equation (13) to obtain the expression
ǫ(1/2,Π× π(χ))
∫
ℜ(s)=−2
k(s)
s
Y 1−2(s+δ)F (s+ δ)L(1− s+ δ, Π˜× π(χ))Y s
ds
2πi
= ǫ(1/2,Π× π(χ))Y 1−2δ
∫
ℜ(s)=−2
k(s)F (s+ δ)
s
L(δ − s, Π˜× π(χ))Y −s
ds
2πi
= ǫ(1/2,Π× π(χ))Y 1−2δ
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
L(δ + s, Π˜× π(χ))Y s
ds
2πi
.
Hence, we have shown that
L(δ,Π× π(χ)) =
∫
ℜ(s)=2
k(s)
s
L(s+ δ,Π× π(χ))Y s
ds
2πi
+ ǫ(1/2,Π× π(χ))Y 1−2δ
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
L(δ + s, Π˜× π(χ))Y s
ds
2πi
.
Expanding out the absolutely convergent Dirichlet series (according to (14) above) then gives the stated
formula for the value L(δ,Π× π(χ)). 
Lemma 4.2. The cutoff functions V1 and V2 = V2,δ decay as follows.
(i) We have that that Vj(y) = OC(y
−C) for any C > 0 as y →∞ (j = 1, 2).
(ii) We have that V1(y) = OB(y
B) for any B ≥ 1 as y →∞.
(iii) We have that V2(y)≪ 1 +Oε(y
1−ℜ(δ)−δ0+ε) as y → 0, where
δ0 = max
j
ℜ(µj) ≤
1
2
−
1
n2 + 1
.
Proof. The proof is also a standard contour argument; see [46, Lemma 3.1]. 
4.2. Preliminary estimates. Keep the setup above, fixing an argument δ ∈ C in the region 0 < ℜ(δ) < 1,
and writing Y = (DnKNf(ΠK))
1
2 to denote the square root of the conductor of each L(s,Π × π(χ)) in the
average XD(Π, δ). In the event that δ = 1/2 and Π is self-contragredient, let us assume additionally that the
root number W (ΠK) is not −1, so as to exclude the setting of forced vanishing from the functional equation
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(1). Using Lemma 4.1 together with the orthogonality of characters on Cl(OK), it is easy to see that
XD(Π, δ) =
∑
m⊂OF
ωη(m)
Nm2δ
∑
n⊂OF
cΠ(n)r(n)
Nnδ
V1
(
N(m2n)
Y
)
+W (ΠK)Y
1−2δ
∑
m⊂OF
ωη(m)
Nm2(1−δ)
∑
n⊂OF
cΠ˜(n)r(n)
Nn1−δ
V2
(
N(m2n)
Y
)
,
where r(n) denotes the number of principal ideals in the class group Cl(OK) whose image under the relative
norm homomorphism NK/F : K −→ F equals n ⊂ OF . Fixing an OF -basis [1, ϑ] of the principal class of
OK , we can parametrize r(n) as pairs of F -integers a and b for which a
2 − b2ϑ2 = n, up to the number wK
of automorphs of the underlying binary quadratic form, or equivalently the number of roots of unity in K:
r(n) =
1
wK
·#
{
a, b ∈ OF : a
2 − b2ϑ2 = n
}
.
Expanding out in terms of such a parametrization then gives us the explicit average formula
(17)
XD(Π, δ) =
1
wK
∑
m⊂OF
ωη(m)
Nm2δ
∑
a,b∈OF
a2−b2ϑ2 6=0
cΠ(a
2 − b2ϑ2)
N(a2 − b2ϑ2)δ
V1
(
N(m2(a2 − b2ϑ2))
Y
)
+W (ΠK)Y
1−2δ ·
1
wK
∑
m⊂OF
ωη(m)
Nm2(1−δ)
∑
a,b∈OF
a2−b2ϑ2 6=0
cΠ˜(a
2 − b2ϑ2)
N(a2 − b2ϑ2)1−δ
V2
(
N(m2(a2 − b2ϑ2))
Y
)
.
4.2.1. Leading sums. We first consider the contributions coming from b = 0 in (17).
Lemma 4.3. Let Y = (DnKNf(ΠK))
1
2 denote the square root of the conductor, as above. The contribution
from the b = 0 terms in the expression (17) is estimated for any choice of constant C > 0 as
1
wK
· L(2δ, ηω) ·
L1(4(1− δ), ω)
L1(4δ, ω)
· L1(2δ, Sym
2Π)
+W (ΠK) · Y
1−2δ · F (δ) ·
1
wK
· L(2− 2δ, ηω)L1(2 − 2δ, Sym
2 Π˜) +OC(Y
−C).
Proof. We estimate the contribution of the sums
1
wK
∑
m⊂OF
ωη(m)
Nm2δ
∑
a∈OF
a6=0
cΠ(a
2)
Na2δ
V1
(
N(m2a2)
Y
)
+W (ΠK)Y
1−2δ ·
1
wK
∑
m⊂OF
ωη(m)
Nm2(1−δ)
∑
a∈OF
a6=0
cΠ˜(a
2)
Na2(1−δ)
V2
(
N(m2a2)
Y
)
.
Opening up the definition of the cutoff function V1 in the first sum, we have that
1
wK
∑
m⊂OF
ωη(m)
Nm2δ
∑
a∈OF
a6=0
cΠ(a
2)
Na2δ
V1
(
N(m2a2)
Y
)
=
1
wK
∑
m⊂OF
ωη(m)
Nm2δ
∑
a∈OF
a6=0
cΠ(a
2)
Na2δ
∫
ℜ(s)=2
k0(s)L1(4(1− s− δ), ω)
s
(
N(m2a2)
Y
)−s
ds
2πi
=
1
wK
∫
ℜ(s)=2
k0(s)L1(4(1− s− δ), ω)
s
L(2δ + 2s, ωη)
L1(2δ + 2s, Sym
2Π)
L1(4δ + 4s, ω)
Y s
ds
2πi
,
which after shifting the contour to ℜ(s) = −2 (crossing a simple pole at s = 0) gives
1
wK
· L(2δ, ωη) ·
L1(4(1− δ), ω)
L1(4δ, ω)
· L1(2δ, Sym
2Π)
+
1
wK
∫
ℜ(s)=−2
k0(s)L1(4(1− s− δ), ω)
s
L(2δ + 2s, ωη)
L1(2δ + 2s, Sym
2Π)
L1(4δ + 4s, ω)
Y s
ds
2πi
.
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Shifting the contour leftward, this latter integral is bounded using the well-known analytic properties of
L(s, ηω) and L(s, Sym2Π) with Stirling’s approximation theorem as OC(Y
−C). Opening up the second
cutoff function V2 = V2,δ gives us
1
wK
∑
m⊂OF
ωη(m)
Nm2(1−δ)
∑
a∈OF
a6=0
cΠ˜(a
2)
Na2(1−δ)
V2
(
N(m2a2)
Y
)
=
1
wK
∑
m⊂OF
ωη(m)
Nm2(1−δ)
∑
a∈OF
a6=0
cΠ˜(a
2)
Na2(1−δ)
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
(
N(m2a2)
Y
)−s
ds
2πi
=
1
wK
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
L(2(1− δ) + 2s)
L1(2(1− δ) + 2s, Sym
2 Π˜)
L1(4(1− δ) + 4s, ω)
ds
2πi
=
1
wK
∫
ℜ(s)=2
k0(−s)F (−s+ δ)
s
L(2(1− δ) + 2s)L1(2(1− δ) + 2s, Sym
2 Π˜)
ds
2πi
,
which after shifting the contour to ℜ(s) = −2 becomes
1
w
· F (δ) · L(2(1− δ), ωη) · L1(2(1− δ), Sym
2 Π˜)
+
1
wK
∫
ℜ(s)=−2
k0(−s)F (−s+ δ)
s
L(2(1− δ) + 2s)L1(2(1− δ) + 2s, Sym
2 Π˜)
ds
2πi
.
The latter integral is bounded in the same way as for the first sum as OC(Y
−C) for any choice of constant
C > 0. Taking C ≫ 1− 2ℜ(δ) then shows the claim. 
4.2.2. Off-diagonal sums. We now consider the b 6= 0 terms in (17), starting with the following observation:
Corollary 4.4. To estimate XD(Π, δ), it will suffice to estimate the truncated sum
X†D(Π, δ) :=
∑
m⊂OF
ωη(m)
Nm2δ
∑
a∈OF
∑
b∈OF ,b6=0
1≤Nb2≤ Y
N(m2d)
cΠ(a
2 − b2ϑ2)
(a2 − b2ϑ2)δ
V1
(
N(m2(a2 − b2ϑ2))
Y
)
+W (ΠK)Y
1−2δ
∑
m⊂OF
ωη(m)
Nm2(1−δ)
∑
a∈OF
∑
b∈OF ,b6=0
1≤Nb2≤ Y
N(m2d)
cΠ˜(a
2 − b2ϑ2)
N(a2 − b2ϑ2)1−δ
V2
(
N(m2(a2 − b2ϑ2))
Y
)
.
Proof. The result is easy to see from Lemma 4.3, using the rapid decay of the cutoff functions V1 and V2 in
the region defined by N(m2(a2 − b2ϑ2)) ≥ Y . 
Although we do not rely on it for our main nonvanishing estimates, this sum X†D(Π, δ) can be bounded
via the shifted convolution estimate of Theorem 3.5 as follows. We first establish an integral presentation
in the style of Proposition 3.4 above, then apply Theorem 3.5. Let us retain the setup of Proposition 3.4,
writing θ = θQ to denote the genuine metaplectic theta series associated to the quadratic form Q(x) = x
2.
Proposition 4.5. Fix a nonzero F -integer q, and let us use the same symbol q to denote its image under the
diagonal embedding q = (q, q, . . .) ∈ A×F . Fix a positive real number Y > Nq, and let Y∞ = (Y∞,j)
d
j=1 ∈ F
×
∞
be any element whose idele norm |Y∞| = NY∞ equals Y . Recall that we define smooth functions Vj(y) on
y ∈ R>0 for j = 1, 2 via the contour integrals in (15) and (16) above, and that we fix an argument δ ∈ C in
the region 0 < ℜ(δ) < 1.
(i) Let ϕ
(q)
∞ = ⊗v|∞ϕ
(q)
v denote the archimedean local vector in VΠ whose associated Whittaker coefficient
for ϕ(q) := ⊗v|∞ϕ
(q)
v
⊗
⊗v<∞ϕv is specified as a function of y∞ ∈ F
×
∞ by the condition
1
Wϕ(q) (y∞) = |y∞|
n−1
2 −δψ(iy∞)ψ
(
−
iq
Y∞
)
V1 (|y∞|) .
1As we explain below, this choice can be justified after a standard partition of unity argument.
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Then, we have the integral presentation
Y
1
4
∫
AF /F
P
n
1ϕ
(q)θ
((
1
Y∞
x
1
))
ψ(−qx)dx
= Y δ−
1
2
∑
a∈OF
a2+q 6=0
cΠ(a
2 + q)
N(a2 + q)δ
V1
(
N(a2 + q)
Y
)
.
(ii) Let ϕ˜
(q)
∞ = ⊗v|∞ϕ˜
(q)
v denote the archimedean local vector in VΠ˜ whose associated Whittaker coefficient
for ϕ˜(q) := ⊗v|∞ϕ˜
(q)
v
⊗
⊗v<∞ϕ˜v is specified as a function of y∞ ∈ F
×
∞ by the condition
2
Wϕ˜(q) (y∞) = |y∞|
n−1
2 −(1−δ)ψ(iy∞)ψ
(
−
iq
Y∞
)
V1 (|y∞|)
Then, we have the integral presentation
Y
1
4
∫
AF /F
P
n
1 ϕ˜
(q)θ
((
1
Y∞
x
1
))
ψ(−qx)dx
= Y
1
2−δ
∑
a∈OF
a2+q 6=0
cΠ˜(a
2 + q)
N(a2 + q)1−δ
V2
(
N(a2 + q)
Y
)
.
Proof. Fix a pure tensor ϕ ∈ VΠ as described above, and consider the projected cuspidal form P
n
1ϕ on
P2(AF ) ⊂ GL2(AF ). Using the Fourier-Whittaker expansions (3.1) and (8), together with the orthogonality
of additive characters on AF /F , we compute∫
AF /F
P
n
1ϕθ
((
y x
1
))
ψ(−qx)dx =
∫
AF /F
P
n
1ϕ
((
y x
1
))
θ
((
y x
1
))
ψ(−qx)dx
=
∫
AF /F
|y|−
(n−2)
2
∑
γ1∈F×
Wϕ
((
γ1y
1n−1
))
ψ(γ1x)|y|
1
4
∑
γ2∈F
ψ(iyγ22)ψ(−γ
2
2x)ψ(−qx)dx
= |y|
1
4−
(n−2)
2
∑
γ1∈F×
Wϕ
((
γ1y
1n−1
)) ∑
γ2∈F
ψ(iyγ22)
∫
AF /F
ψ(γ1x− γ
2
2x− qx)dx
= |y|
1
4−
(n−2)
2
∑
γ∈F
γ2+q 6=0
Wϕ
((
(γ2 + q)y
1n−1
))
ψ(γ2iy)
= |y|
1
4−
(n−2)
2
∑
γ∈F
γ2+q 6=0
ρϕ((γ
2 + q)yf )Wϕ
(
(γ2 + q)y∞
)
ψ(−γ2iy).
Specializing to an archimedean idele y = y∞ (with yf = 1) then gives
∫
AF /F
P
n
1ϕθ
((
y∞ x
1
))
ψ(−qx)dx = |y∞|
1
4−(
n−2
2 )
∑
γ∈F
γ2+q 6=0
ρϕ(γ
2 + q)Wϕ
(
(γ2 + q)y∞
)
ψ(γ2iy∞).
2Similarly, this choice can be justified after a standard partition of unity argument.
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Notice that these sums are supported only on F -integers γ ∈ OF . Hence, choosing the vectors specified in
(i) and using (8), it is easy to derive the identity
Y
1
4
∫
AF /F
P
n
1ϕ
(q)θ
((
1
Y∞
x
1
))
ψ(−qx)dx
= Y
n−2
2
∑
a∈OF
a2+q 6=0
ρϕ(q)(a
2 + q)Wϕ(q)
(
a2 + q
Y∞
)
ψ
(
i ·
a2
Y∞
)
= Y
n−2
2
∑
a∈OF
a2+q 6=0
ρϕ(q)(a
2 + q)
(
N(a2 + q)
Y
)n−1
2 −δ
V1
(
N(a2 + q)
Y
)
= Y δ−
1
2
∑
a∈OF
a2+q 6=0
ρϕ(q)(a
2 + q)
N(a2 + q)δ−(
n−1
2 )
V1
(
N(a2 + q)
Y
)
= Y δ−
1
2
∑
a∈OF
a2+q 6=0
cΠ(a
2 + q)
N(a2 + q)δ
V1
(
N(a2 + q)
Y
)
.
Choosing the vectors specified in (ii), the same argument implies that
Y
1
4
∫
AF /F
P
n
1 ϕ˜
(q)θ
((
1
Y∞
x
1
))
ψ(−qx)dx
= Y
n−2
2
∑
a∈OF
a2+q 6=0
ρϕ˜(q)(a
2 + q)Wϕ˜(q)
(
a2 + q
Y∞
)
ψ
(
−i ·
a2
Y∞
)
= Y
n−2
2
∑
a∈OF
a2+q 6=0
ρϕ˜(q)(a
2 + q)
(
N(a2 + q)
Y
)n−1
2 −(1−δ)
V2
(
N(a2 + q)
Y
)
= Y δ−
1
2
∑
a∈OF
a2+q 6=0
ρϕ˜(q)(a
2 + q)
N(a2 + q)δ−(
n−1
2 )
V2
(
N(a2 + q)
Y
)
= Y δ−
1
2
∑
a∈OF
a2+q 6=0
cΠ˜(a
2 + q)
N(a2 + q)δ
V2
(
N(a2 + q)
Y
)
.
This proves the stated identities. 
Remark Let us explain briefly how the choices of archimedean local vectors in Proposition 4.5 are justified.
Expanding out the components y∞ = (y∞,j)
d
j=1 and Y∞ = (Y∞,j)
d
j=1 in F∞
∼= (R×)d, we have that
ψ(iy∞)ψ
(
−
iq
Y∞
)
=
exp
(
2π
∑d
j=1
q
Y∞,j
)
exp
(
2π
∑d
j=1 y∞,j
) ,
from which it is easy to see from the definitions of the cutoff functions Vj(y) that
|y∞|
n−1
2 −δψ(iy∞)ψ
(
−
iq
Y∞
)
V1 (|y∞|)
=
∫
ℜ(s)=2
k(s)
s
exp
(
2π
∑d
j=1
q
Y∞,j
)
exp
(
2π
∑d
j=1 y∞,j
) |y∞|n−12 −δ−s ds
2πi
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and
|y∞|
n−1
2 −(1−δ)ψ (iy∞)ψ
(
−
iq
Y∞
)
V2 (|y∞|)
=
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
exp
(
2π
∑d
j=1
q
Y∞,j
)
exp
(
2π
∑d
j=1 y∞,j
) |y∞|n−12 −(1−δ)−s ds
2πi
.
To estimate these functions for |y∞| → ∞, we shift the range of integration to the right to derive a bound
of OC,q,Y
(
e−2pi
∑d
j=1 y∞,j |y∞|
−C
)
for any choice of C > 0. To estimate the behaviour as |y∞| → 0, we
shift the contour to the left to derive a bound of OA,q,Y
(
e−2pi
∑d
j=1 y∞,j |y∞|
A
)
for any choice of A ≫ 1.
Hence, we see that the functions are not contained in L2(F×∞). Nevertheless, a standard dyadic subdivision
or partition of unity argument allows us to relate to such choices of functions, and we shall take such a
reduction (cf. e.g. [61], [62]) for granted. Roughly speaking, one considers restrictions of the chosen functions
to dyadic intervals of (0, 1)d ∈ F×∞, checks the stated identity for each of the restricted functions, then checks
that the sum over restricted identities coincides with the stated identity.
Corollary 4.6. Put Y = (DnKNf(ΠK))
1
2 . Let Y∞ ∈ F
×
∞ be any element of norm Y . Let us for each F -integer
b in the region 1 ≤ Nb ≤ Y
1
2 /(NmNϑ) choose vectors ϕ(b
2ϑ2) ∈ VΠ and ϕ˜
(b2ϑ2) ∈ VΠ˜ as in (i) and (ii) of
Proposition 4.5 respectively. Writing m to denote both an ideal of OF and an idele of the same norm,
X†D(Π, δ)
= Y
3
4−δ

∑
m⊂OF
ηω(m)
Nm
3
2
∑
b∈OF
1≤N(bm)≤( Y
Nϑ2
)
1
2
∫
AF /F
P
n
1ϕ
(b2ϑ2)θ
((
m2
Y∞
x
1
))
ψ(b2ϑ2x)dx
+W (ΠK)
∑
m⊂OF
ηω(m)
Nm
3
2
∑
b∈OF
1≤N(bm)≤( Y
Nϑ2
)
1
2
∫
AF /F
P
n
1 ϕ˜
(b2ϑ2)θ
((
m2
Y∞
x
1
))
ψ(b2ϑ2x)dx
 .
Proof. Fix b with 1 ≤ Nb ≤ Y
1
2 /(NmNd
1
2 ). It is easy to see from Proposition 4.5 that we have the identities∑
a∈OF
a2+b2ϑ2 6=0
cΠ(a
2 − b2ϑ2)
N(a2 − b2ϑ2)δ
V1
(
N(m2(a2 − b2ϑ2))
Y
)
=
(
Nm2
Y
) 3
4−δ
∫
AF /F
P
n
1ϕ
(b2ϑ2)θ
((
m2
Y∞
x
1
))
ψ(b2ϑ2x)dx
and ∑
a∈OF
b2ϑ2 6=0
cΠ˜(a
2 − b2ϑ2)
N(a2 − b2ϑ2)1−δ
V2
(
N(m2(a2 − b2ϑ2))
Y
)
=
(
Nm2
Y
)δ− 14 ∫
AF /F
P
n
1 ϕ˜
(b2ϑ2)θ
((
m2
Y∞
x
1
))
ψ(b2ϑ2x)dx
Substituting these expressions into the definition from Lemma 4.4 then gives the stated expression. 
This integral presentation allows us to derive the following bounds for X†D(Π, δ).
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Proposition 4.7. Assume that the cuspidal GLn(AF )-automorphic representation Π is not orthogonal. We
have the following bounds for the truncated sum X†D(Π, δ) defined in Corollary 4.4 above, as described in
terms of metaplectic Fourier-Whittaker coefficients in Corollary 4.6: For any choice of ε > 0, we have
X†D(Π, δ)≪Π,ε Y
3
4+σ0−ℜ(δ)+εD
− 12
K = OΠ,ε
(
D
n
2 (
3
4+σ0−ℜ(δ)+ε)−
1
2
K
)
.
Here again, 0 ≤ σ0 ≤ 1/4 denotes the best known approximation towards the generalized Lindelo¨f hypothesis
for GL2(AF )-automorphic forms in the level aspect, and 0 ≤ θ0 ≤ 1/2 the best known approximation to-
wards the generalized Ramanujan conjecture for GL2(AF )-automorphic forms. Hence, taking θ0 = 7/64 via
the theorem of Blomer-Brumley [5], we can then take σ0 = 103/512 via the theorem of Blomer-Harcos [6,
Corollary 1] to obtain the more explicit bound
X†D(Π, δ)≪Π,ε D
n
2 (
487
512−ℜ(δ)+ε)−
1
2
K .
Proof. Let Y = (DnKNf(ΠK))
1
2 . Putting together the description of X†D(Π, δ) given in Corollary 4.6 with
the estimate of Theorem 3.5, and separating out the scaling factor of Y
1
4 from the start, we find that
X†D(Π, δ)≪Π,ε Y
3
4−ℜ(δ)

∑
m⊂OF
1
Nm
3
2
∑
b6=0∈OF
1≤NmNb≤( Y
Nϑ2
)
1
2
N(b2ϑ2)σ0−
1
2
(
N(b2ϑ2)Nm2
Y
) 1
2−
θ0
2 −ε

= Y
1
4+
θ0
2 −ℜ(δ)+ε

∑
m⊂OF
∑
b6=0∈OF
1≤NmNb≤( Y
Nϑ2
)
1
2
Nm−
3
2+2(
1
2−
θ0
2 )N(b2ϑ2)σ0−
θ0
2 −ε

= Y
1
4+
θ0
2 −ℜ(δ)+εN(ϑ2)σ0−
θ0
2 −ε

∑
m⊂OF
∑
b6=0∈OF
1≤NmNb≤( Y
Nϑ2
)
1
2
Nb2(σ0−
θ0
2 −ε)
Nm
1
2+θ0
 .
Using that Y = (DnKNf(ΠK))
1
2 and that Nϑ2 = O(DK), this bound simplifies to
X†D(Π, δ)≪Π,ε Y
1
4+
θ0
2 −ℜ(δ)+εD
σ0−
θ0
2 −ε
K

∑
m⊂OF
∑
b∈OF ,b6=0
1≤NmNb≤
(
Y
DK
) 1
2
Nb2(σ0−
θ0
2 −ε)
Nm
1
2+θ0

≪ Y
1
4+
θ0
2 −ℜ(δ)+εD
σ0−
θ0
2 −ε
K

∑
m⊂OF
∑
b∈OF ,b6=0
1≤NmNb≤
(
Y
DK
) 1
2
Nb2(σ0−
θ0
2 −ε)
 .
To estimate the inner double sum, we first argue that the number of ideals m ⊂ OF and nonzero F -integers
b ∈ OF subject to the constraint NmNb ≤ (Y/DK)
1
2 can be estimated via the number of lattice points
under the hyperbola defined by xy = R for R = (Y/DK)
1
2 . A classical estimate describes the number of such
points as R logR + (2γ − 1)r = Oε(R
1+ε), where γ denotes the Euler-Mascheroni constant. Using such an
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estimate together with the trivial bounds, we argue that
∑
m⊂OF
∑
b6=0∈OF
1≤NmNb≤
(
Y
DK
) 1
2
Nb2(σ0−
θ0
2 +ε) ≪ε
(
Y
DK
) 1
2+ε
(
Y
DK
)σ0− θ02 −ε
.
Inserting this back into our previous bound, we obtain the upper bound
X†D(Π, δ)≪Π,ε Y
3
4+σ0−ℜ(δ)+εD
− 12
K ,
which after expanding out the quantity Y = D
n
2
KNf(ΠK)
1
2 is the same as
X†D(Π, δ)≪Π,ε D
n
2 (
3
4+σ0−ℜ(δ)+ε)−
1
2
K Nf(ΠK)
1
2 (
3
4+σ0−ℜ(δ)+ε).

Putting this estimate together with that of Lemma 4.3, we derive the proof of the Theorem 1.1.
4.3. Averages as sums of constant coefficients. We now return to the main theme of nonvanishing
estimates. Here, we shall derive an integral presentation for the average XD(Π, δ) in terms of constant
coefficients of certain L2-automorphic forms on GL2(AF ), then use this to prove Theorem 4.14.
Let q(a, b) denote the F -rational binary quadratic form associated to the principal class of OK . Hence,
we can also expand out our average equivalently as
XD(Π, δ) =
1
wK
∑
m⊂OF
ηω(m)
Nm2δ
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
Nq(a, b)δ
V1
(
Nq(a, b)
Y
)
+W (ΠK)Y
1−2δ ·
1
wK
∑
m⊂OF
ηω(m)
Nm2(1−δ)
∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
Nq(a, b)1−δ
V2
(
Nq(a, b)
Y
)
.
Let θq denote the binary quadratic theta series associated to q, viewed as a GL2(AF )-automorphic form.
Hence, taking x ∈ AF and y = yfy∞ ∈ A
×
F as above, θq has the Fourier-Whittaker expansion
θq
((
y x
1
))
= |y|
1
2
∑
γ1,γ2∈OF
ψ(q(γ1, γ2)(x + iy)).
Let us also lighten notations by writing P = Pn1 to denote the projection operator defined above.
Lemma 4.8. Let ϕ = ⊗vϕv ∈ VΠ be a pure tensor whose nonarchimedean local components are all essential
Whittaker vectors. Let x ∈ AF be any adele, and y = yfy∞ ∈ A
×
F any idele (with yf ∈ A
×
F,f and y∞ ∈ F
×
∞).
Consider the GL2(AF )-automorphic form Pϕθq, whose Fourier-Whittaker expansion we write as
Pϕθq
((
y x
1
))
= ρ
Pϕθq,0
(y) +
∑
γ∈F×
ρ
Pϕθq
(γyf)WPϕθq (γy∞)ψ(γx).
Here, the constant coefficient
ρ
Pϕθq,0
(y) =
∫
AF /F
Pϕθq
((
y x
1
))
dx
is given by the explicit formula
ρ
Pϕθq,0
(y) = |y∞|
1
2−(
n−2
2 )
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b)yf )
|q(a, b)yf |
n−1
2
Wϕ (q(a, b)y∞)ψ (iyq(a, b)) .
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Proof. We use a similar calculation as given in Proposition 4.5, opening up Fourier-Whittaker expansions
and evaluating via orthogonality to find that∫
AF /F
Pϕθq
((
y x
1
))
dx =
∫
AF /F
Pϕ
((
y x
1
))
θq
((
y x
1
))
dx
= |y|
1
2−(
n−2
2 )
∑
γ1∈F×
ρϕ(γ1yf )Wϕ(γ1y∞)
∑
γ2,γ3∈F
ψ(iyq(γ2, γ3))
∫
AF /F
ψ(γ1x− q(γ2, γ3)x)dx
= |y|
1
2−(
n−2
2 )
∑
γ1,γ2∈F×
ρϕ(q(γ1, γ2)yf )Wϕ(g(γ1, γ2)y∞)ψ(q(γ1, γ2)y)
= |y|
1
2−(
n−2
2 )
∑
a,b∈OF
(q(a, b)yf )
|q(a, b)yf |
n−1
2
Wϕ(q(a, b)y∞)ψ(q(a, b)y).
Here, in the last step, we use that the sum is supported only on F -integers a, b ∈ OF , and also the relation
to the L-function coefficients cΠ described in (8) above. 
Corollary 4.9. Fix an argument δ ∈ C in the region 0 < ℜ(δ) < 1. Let us also fix an archimedean idele
Y∞ ∈ F
×
∞ of idele norm |Y∞|.
(i) Let ϕ(δ) = ϕ
(δ)
∞
⊗
⊗vϕv ∈ VΠ denote the smooth vector whose corresponding local archimedean Whittaker
function is given as a function of y∞ ∈ F
×
∞ by
3
Wϕ(δ)(y∞) =
1
wK
· |y∞|
n−1
2 −δψ (−iy∞)V1 (|y∞|) .
Then, we have the integral presentation
ρ
Pϕ(δ)θq,0
(
1
Y∞
)
= |Y∞|
δ−1 ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
|q(a, b)|δ
V1
(∣∣∣∣q(a, b)Y∞
∣∣∣∣) .
(ii) Let ϕ˜(1−δ) = ϕ˜
(1−δ)
∞
⊗
⊗vϕ˜v ∈ VΠ˜ denote the smooth vector whose corresponding local archimedean
Whittaker function is given as a function of y∞ ∈ F
×
∞ by
Wϕ˜(1−δ)(y∞) =
1
wK
· |y∞|
n−1
2 −(1−δ)ψ (−iy∞)V2 (|y∞|) .
Then, we have the integral presentation
ρ
Pϕ˜(1−δ)θq,0
(
1
Y∞
)
= |Y∞|
−δ ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
Nq(a, b)1−δ
V2
(∣∣∣∣q(a, b)Y∞
∣∣∣∣) .
Proof. Lemma 4.8 (i) implies that
|Y∞|
1
2
∫
AF /F
Pϕ(δ)θq
((
1
Y∞
x
1
))
= |Y∞|
n−2
2 ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
|q(a, b)|
n−1
2
Wϕ(δ)
(
q(a, b)
Y∞
)
ψ
(
−i
q(a, b)
Y∞
)
= |Y∞|
δ− 12 ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
|q(a, b)|δ
V1
(∣∣∣∣q(a, b)Y∞
∣∣∣∣) .
3As explained in the remark above, these choices of vectors can be justified after using a smooth partition of unity to deal
with the behaviour near the origin.
31
Similarly, Lemma 4.8 (ii) implies that
|Y∞|
1
2
∫
AF /F
Pϕ˜(1−δ)θq
((
1
Y∞
x
1
))
= |Y∞|
n−2
2 ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
|q(a, b)|
n−1
2
Wϕ˜(1−δ)
(
q(a, b)
Y∞
)
ψ
(
−i
q(a, b)
Y∞
)
= |Y∞|
(1−δ)− 12 ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
|q(a, b)|1−δ
V2
(∣∣∣∣q(a, b)Y∞
∣∣∣∣) .
The stated formulae then follow from the definition of the constant coefficient. 
We can now derive the following presentation for the average XD(Π, δ) in terms of specializations of the
constant coefficients of Pϕ(δ)θq and Pϕ˜
(1−δ)θq.
Theorem 4.10. Fix Y∞ ∈ F
×
∞ an idele of idele norm |Y∞| = NY∞ = Y , where Y = (D
n
KNf(ΠK))
1
2 is now
the square root of the conductor. Given a nonzero ideal m ⊂ OF , let us also use the same symbol to denote
an idele of the same norm: |m| = Nm. We have the following integral presentation for the average XD(Π, δ):
XD(Π, δ) = Y
1−δ
( ∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ(δ)θq
((
m2
Y∞
x
1
))
dx
+W (ΠK)
∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ˜(1−δ)θq
((
m2
Y∞
x
1
))
dx
)
.
Equivalently, writing φ(δ) = Pϕ(δ)θq and φ˜
(1−δ) = Pϕ˜(1−δ)θq, we derive the formula
XD(Π, δ) = Y
1−δ
( ∑
m⊂OF
ηω(m)
Nm2
ρφ(δ),0
(
m2
Y∞
)
+W (ΠK)
∑
m⊂OF
ηω(m)
Nm2
ρφ˜(1−δ),0
(
m2
Y∞
))
.
Proof. Let m ⊂ OF be any nonzero integral ideal, with m also denoting an idele of the same norm. Corollary
4.9 (i) implies that
ρ
Pϕ(δ)θq,0
(
m2
Y∞
)
=
∣∣∣∣Y∞m2
∣∣∣∣δ−1 · 1wK ∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
|q(a, b)|δ
V1
(∣∣∣∣m2q(a, b)Y∞
∣∣∣∣) .
Hence,
ηω(m)
Nm2δ
·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
Nq(a, b)δ
V1
(
N(m2q(a, b))
Y
)
=
(
Nm2
Y
)δ−1
ηω(m)
Nm2δ
ρ
Pϕ(δ)θq,0
(
m2
Y∞
)
,
and so
1
wK
∑
m⊂OF
ηω(m)
Nm2δ
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
Nq(a, b)δ
V1
(
N(m2q(a, b))
Y
)
= Y 1−δ
∑
m⊂OF
ηω(m)
Nm2
ρ
Pϕ(δ)θq,0
(
m2
Y∞
)
.
Similarly, Corollary 4.9 (ii) implies that
ρ
Pϕ˜(1−δ)θq,0
(
m2
Y∞
)
=
∣∣∣∣Y∞m2
∣∣∣∣−δ · 1wK ∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
Nq(a, b)1−δ
V2
(∣∣∣∣m2q(a, b)Y∞
∣∣∣∣) .
Hence,
ηω(m)
Nm2(1−δ)
·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
Nq(a, b)1−δ
V2
(
N(m2q(a, b))
Y
)
=
ηω(m)
Nm2(1−δ)
(
Nm2
Y
)−δ
ρ
Pϕ˜(1−δ)θq,0
(
m2
Y∞
)
,
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and so
1
wK
∑
m⊂OF
ηω(m)
Nm2(1−δ)
∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
Nq(a, b)1−δ
V2
(
N(m2q(a, b))
Y
)
= Y δ
∑
m⊂OF
ηω(m)
Nm2
ρ
Pϕ˜(1−δ)θq,0
(
m2
Y∞
)
.
The claimed formula then follows after making a direct substitution into the formula for XD(Π, δ) given
above, using that Y δ · Y 1−2δ = Y 1−δ. 
We now estimate these constant coefficients as functions of an archimedean idele y∞ ∈ F
×
∞. Let us write
Lj(δ) =
{
1
wK
· L1(4(1−δ),ω)L1(4δ,ω) · L1(2δ, Sym
2Π) if j = 1
1
wK
· F (δ) · L1(2(1− δ), Sym
2 Π˜) if j = 2.
Lemma 4.11. As functions of y∞ ∈ F
×
∞, the constant coefficients ρφ(δ),0(y∞) and ρφ˜(1−δ),0(y∞) satisfy the
following analytic properties.
(i) The coefficients ρφ(δ),0(y∞) and ρφ˜(1−δ),0(y∞) are smooth and of moderate growth in y∞. They have the
Epstein-like expansions
ρφ(δ),0(y∞) = |y∞|
1−δ ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ(q(a, b))
Nq(a, b)δ
V1 (|q(a, b)y∞|)
and
ρφ˜(1−δ),0(y∞) = |y∞|
δ ·
1
wK
∑
a,b∈OF
q(a,b)6=0
cΠ˜(q(a, b))
Nq(a, b)1−δ
V2 (|q(a, b)y∞|) .
(ii) The b = 0 contributions in these expansions are estimated respectively as
ρφ(δ),0(y∞)|b=0 =
{
|y∞|
1−δL1(δ) +OA(|y∞|
A) ∀ A ≥ 1 as |y∞| → 0
OC
(
|y∞|
−C
)
∀ C > 0 as |y∞| → ∞
and
ρφ˜(δ),0(y∞)|b=0 =
{
|y∞|
δL2(δ) +OA(|y∞|
A) ∀ A ≥ 1 as |y∞| → 0
OC
(
|y∞|
−C
)
∀ C > 0 as |y∞| → ∞
(iii) The b 6= 0 contributions in these expansions can be estimated as OC(|y∞|
−C) for any choice of C > 0 as
|y∞| → ∞. If D
−1
K < |y∞| < 1, then the corresponding b 6= 0 contributions can be estimated for any choice
of C > 0 respectively as
ρφ(δ),0(y∞)|b6=0 = OC
(
D−CK |y∞|
1−ℜ(δ)−C
)
and
ρφ˜(1−δ),0(y∞)|b6=0 = OC
(
D−CK |y∞|
ℜ(δ)−C
)
.
Proof. The first assertion of (i) is easy to deduce, cf. [49, § I.2.6]. The second follows from Lemma 4.8 after
making a substitution of archimedean Whittaker functions of the chosen vectors ϕ(δ) and ϕ˜(1−δ) described
in Corollary 4.9 (i) and (ii) respectively.
To estimate the b = 0 contributions for (ii), we proceed in the same way as for Lemma 4.3 above. Hence,
we expand out in terms of the contours defining the functions Vj(y) defined in (15) and (16) respectively as
ρφ(δ),0(y∞)|b=0 = |y∞|
1−δ ·
1
wK
∫
ℜ(s)=2
k(s)
s
L1(2δ + s, Sym
2Π)
L1(4δ + s, ω)
|y∞|
−s ds
2πi
and
ρφ˜(1−δ),0(y∞)|b=0 = |y∞|
δ ·
1
wK
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
L1(2(1− δ) + s, Sym
2 Π˜)
L1(4(1 − δ) + s, ω)
|y∞|
−s ds
2πi
.
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Recall we choose the test function k(s) = k0(s)L1(4(1− s− δ), ω). To estimate the behaviour as |y∞| → 0,
we shift the contour to the left to ℜ(s) = −2 in either case, crossing a simple pole at s = 0 of the stated
residue. The remaining integral is then seen easily in either case to be bounded as stated. To estimate the
behaviour as |y∞| → ∞, we shift the contour to the right in either case, whence the corresponding bounds
are also easy to derive.
To estimate the b 6= 0 contributions for (iii), we open up contours again to derive the upper bounds
ρφ(δ),0(y∞)|b6=0 = |y∞|
1−δ
∫
ℜ(s)=2
k(s)
s
·
1
wK
∑
a,b∈OF
b6=0
cΠ(q(a, b))
|q(a, b)|δ
(|q(a, b)y∞|)
−s ds
2πi
≪ |y∞|
1−ℜ(δ)
∫
ℜ(s)=2
k(s)
s
∑
a,b∈OF
b6=0
|cΠ(q(a, b))|
|q(a, b)|δ|b|2s
(DK |y∞|)
−s ds
2πi
and
ρφ˜(1−δ),0(y∞)|b6=0 = |y∞|
δ
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
·
1
wK
∑
a,b∈OF
b6=0
cΠ˜(q(a, b))
|q(a, b)|1−δ
(|q(a, b)y∞|)
−s ds
2πi
≪ |y∞|
ℜ(δ)
∫
ℜ(s)=2
k(−s)F (−s+ δ)
s
∑
a,b∈OF
b6=0
|cΠ˜(q(a, b))|
|q(a, b)|1−δ|b|2s
(DK |y∞|)
−s ds
2πi
.
Here, in each case, we have used a fixed OF -basis [1, ϑ] of the principal class of OK to write q(a, b) = a
2−b2ϑ2,
together with the fact that ϑ2 = O(DK). Note that we could also proceed without the stated upper bounds
by opening up the contribution of the quadratic character in either case. That is, it is easy to see that this
expands the region of rapid decay to include the region D−1K < |y∞| < 1. We then derive the stated estimate
in each case after shifting contours to the right. 
Corollary 4.12. Given any y∞ ∈ F
×
∞ in the region D
−1
K < |y∞| < 1, we have the estimates
ρφ(δ),0(y∞) = |y∞|
1−δL1(δ) + OC
(
D−CK
)
and
ρφ˜(1−δ),0(y∞) = |y∞|
δL2(δ) +OC
(
D−CK
)
for any choice of C > 0. In particular, assuming that ℜ(δ) ≥ 12−
1
n2+1 so that at least one of the residual terms
Lj(δ) does not vanish, we deduce that at least one of the coefficients ρφ(δ),0(y∞) and ρφ˜(1−δ) is nonvanishing
as a function of y∞ ∈ F
×
∞ for DK ≫ 1. If δ = 1/2, then neither of the coefficients is vanishing for DK ≫ 1.
Proof. Putting together the estimates of Lemma 4.11 (i) and (ii), we derive
ρφ(δ),0(y∞) = |y∞|
1−δL1(δ) +OA
(
|y∞|
A
)
+OC
(
D−CK |y∞|
1−ℜ(δ)−C
)
and
ρφ˜(1−δ),0(y∞) = |y∞|
δL2(δ) +OA
(
|y∞|
A
)
+OC
(
D−CK |y∞|
ℜ(δ)−C
)
for any constants A ≥ 1 and C > 0. Taking sufficiently large A,C ≫ 1 then implies the stated estimate. 
We deduce from the discussion leading to Corollary 4.12 above the following key estimate.
Proposition 4.13. Given y∞ ∈ F
×
∞ in the region D
−1
K < |y∞| < 1 (say D
− 12
K ), we have that
ρφ(δ),0(y∞) = |y∞|
1−δL1(δ) + OC
(
D−CK
)
and
ρφ˜(1−δ),0(y∞) = |y∞|
δL2(δ) +OC
(
D−CK
)
for any C > 0.
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Proof. Since the functions ρφ(δ),0(y∞) and ρφ˜(1−δ)(y∞) are smooth and of moderate growth as |y∞| → 0, we
deduce that the range 0 < |y∞| < D
−1
K of Corollary 4.12 can be scaled continuously to 0 < |y∞| < Y
−1 for
Y = (DnKNf(ΠK))
1
2 to derive the stated estimate. 
Remark. Another way to see this is to observe that for ℜ(δ) ≥ 12 −
1
n2+1 , and for any y ∈ F
×
∞ with
D−1K < |y∞| < 1, we have shown that at least one of the integrals∫
AF /F
φ(δ)
((
1 x
1
)(
y∞
1
))
dx
or ∫
AF /F
φ˜(1−δ)
((
1 x
1
)(
y∞
1
))
dx
is always nonvanishing when DK ≫ 1. In this way, it is easy to deduce that at least one of the forms φ
(δ)
or φ˜(1−δ) is non-cuspidal (see e.g. [6, § 2.2]), and in fact that both are noncuspidal for δ = 1/2 via the
nonvanishing of L1(1, Sym
2Π). The estimates of Lemma 4.11 indicate that these coefficients decay rapidly
as |y∞| → ∞. We then use the estimates of Lemma 4.11 for the region D
−1
K < |y∞| < 1 to deduce the
corresponding behaviour as |y∞| → 0.
Theorem 4.14. Let Y∞ ∈ F
×
∞ be an idele with |Y∞| = Y , for Y = (D
n
KNf(ΠK))
1
2 . Then for DK ≫ 1, we
have for any choice of constant C > 0 the estimate
XD(Π, δ) = L(2δ, ηω)L1(δ) +W (ΠK)|Y∞|
1−2δL(2(1− δ), ηω)L2(δ) +OC(|Y∞|
−C).
In particular, if ℜ(δ) ≥ 12 −
1
n2+1 , then XD(Π, δ) does not vanish for DK ≫ 1.
Proof. We start with the formula of Theorem 4.10,
XD(Π, δ) = |Y∞|
1−δ
( ∑
m⊂OF
ηω(m)
Nm2
ρφ(δ),0
(
m2
Y∞
)
+W (ΠK)
∑
m⊂OF
ηω(m)
Nm2
ρφ˜(1−δ),0
(
m2
Y∞
))
.
Using Proposition 4.13 and Lemma 4.11, we estimate the first sum as
|Y∞|
1−δ ·
1
wK
∑
m⊂OF
ηω(m)
Nm2
ρφ(δ),0
(
m2
Y∞
)
=
∑
m⊂OF
Nm2≤|Y∞|
ηω(m)
Nm2δ
L1(δ) +OC(D
−C
K ) +
∑
m⊂OF
Nm2>|Y∞|
ηω(m)
Nm2δ
∫
ℜ(s)=2
k(s)
s
·
1
wK
∑
a,b6=0
cΠ(q(a, b))
Nq(a, b)δ
∣∣∣∣ m2Y∞
∣∣∣∣−s ds2πi .
Shifting the contour in the latter integral to the right, and comparing with the limiting behaviour of the
coefficient ρφ(δ),0(y∞), we deduce that
|Y∞|
1−δ
∑
m⊂OF
ηω(m)
Nm2
ρφ(δ),0
(
m2
Y∞
)
= L(2δ, ηω)L1(δ) +OC(D
−C
K ).
Applying the analogous argument to the second sum, we derive the estimate
|Y∞|
1−δ
∑
m⊂OF
ηω(m)
Nm2
ρφ˜(1−δ),0
(
m2
Y∞
)
= |Y∞|
1−2δL(2(1− δ), ηω)L2(δ) +OC(D
−C
K ).
The stated estimate is now easy to derive from the formula of Theorem 4.10. 
5. Galois averages of central values
We now consider the following more arithmetic setup with central values δ = 1/2, and χ taken more
generally to be a ring class character of some conductor c ⊂ OF of K. Let us again lighten notations by
writing P to denote the projection operator Pn1 defined above.
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5.1. Averages over ring class characters of a given exact order. We now consider averages of central
values L(1/2,Π⊗π(χ)) for χ varying over ring class characters χ of K of a given exact order. Such characters
χ are Galois conjugate in the sense that the rule χσ sending a nonzero integral ideal a ⊂ OK to the root
of unity σ(χ(a)) for σ ∈ Aut(C/K) determines another such ring class character of the same exact order.
We first compute such averages, then derive integral presentations in the style of the previous discussion to
derive nonvanishing estimates.
5.1.1. Approximate functional equations. Let us first set up the following simpler (symmetric) approximate
functional equation to describe central values. Again, we fix a smooth test function of compact support
f ∈ C∞c (R>0), and write k(s) =
∫∞
0 f(x)x
s dx
x to denote its Mellin transform. Assume f is chosen so that
k(0) = 1 and k(−s) = k(s) for all s 6= 0 ∈ C. Let us also lighten notation by writing
γ∞(s) =
∏
w|∞
n∏
j=1
ΓC (s− µj (ΠK,w))
to denote the product of gamma factors making up the archimedean factor L(s,Π∞×π(χ)∞) of the Rankin-
Selberg L-function Λ(s,Π× π(χ)) according to the discussion above (for any ring class character χ), and
γ˜∞(s) =
∏
w|∞
n∏
j=1
ΓC(s− µj(Π˜K,w))
the factor L(s, Π˜∞ × π˜(χ)∞) for the contragredient L-function Λ(s,Π × π(χ)). Recall that the generalized
Ramanujan conjecture for ΠK,∞ (known in many special cases of interest for our subsequent arguments)
predicts that these factors γ∞(s) and γ˜∞(s) have no poles in the region 0 < ℜ(s) < 1. Again, we can deduce
in the general case from [45] (cf. [46]) that these factors γ∞(s) and γ˜∞(s) do not have poles in the region
0 < ℜ(s) < 12 −
1
n2+1 . Hence, in the event that we do not know the generalized Ramanujan conjecture for
ΠK,∞, we shall also choose the test function k(s) in such a way that it vanishes at any additional poles of
γ∞(s) or γ˜∞(s) in this region 0 < ℜ(s) <
1
2−
1
n2+1 . Fixing such a choice of test function k(s) =
∫∞
0
f(x)xs dxx
from now on, we have the following expression for the central values L(1/2,Π × π(χ)) = L(1/2,ΠK ⊗ χ),
i.e. where χ is any ring class character (or more generally wide ray class character) of K.
Lemma 5.1. Fix χ a ring class character of conductor c ⊂ OF of K, and let us write Y = (D
n
KNf(ΠK)Nc
2n)
1
2
to denote the square root of the conductor of the corresponding L-function L(s,Π × π(χ)) = L(s,ΠK ⊗ χ).
We have the following formula for the central value L(1/2,Π× π(χ)) of L(s,Π× π(χ)):
L(1/2,Π× π(χ)) =
∑
m⊂OF
ηω(m)
Nm
∑
n⊂OF
cΠ(n)
Nn
1
2
∑
A∈C(Oc)
χ(A)rA(n)V1
(
Nm2Nn
Y
)
+ ǫ(1/2,Π× π(χ))
∑
m⊂OF
ηω(m)
Nm
∑
n⊂OF
cΠ˜(n)
Nn
1
2
∑
A∈C(Oc)
χ(A)rA(n)V2
(
Nm2Nn
Y
)
.
Here, the functions Vj for j = 1, 2 are defined on y ∈ R>0 by the integrals
V1(y) =
∫
ℜ(s)=2
k(s)
s
γ∞(s+ 1/2)
γ∞(1/2)
y−s
ds
2πi
and
V2(y) =
∫
ℜ(s)=2
k(s)
s
γ˜∞(s+ 1/2)
γ∞(1/2)
y−s
ds
2πi
.
Each of these functions Vj is smooth, and decays according to the bounds
Vj(y) =
{
OC(y
−C) for any C > 0 as y →∞
O(y
1
2 ) as y → 0.
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Proof. We apply a standard contour argument (cf. e.g. [36, §5.2], [46, §3]) to the integral∫
ℜ(s)=2
k(s)
s
Λ(s+ 1/2,Π× π(χ))
γ∞(1/2)
ds
2πi
.
Shifting the line of integration to ℜ(s) = −2, we cross a simple pole at s = 1 of residue L(1/2,Π× π(χ)).
We then evaluate the remaining integral∫
ℜ(s)=−2
k(s)
s
Λ(s+ 1/2,Π× π(χ))
γ∞(1/2)
ds
2πi
= −
∫
ℜ(s)=2
k(s)
s
Λ(−s+ 1/2,Π× π(χ))
γ∞(1/2)
ds
2πi
via the functional equation Λ(s,Π× π(χ)) = ǫ(1/2,Π× π(χ))Λ(1 − s, Π˜× π(χ)) as
−ǫ(1/2,Π× π(χ))
∫
ℜ(s)=2
k(s)
s
Λ(s+ 1/2, Π˜× π(χ))
γ∞(1/2)
ds
2πi
.
This gives us the formula
L(1/2,Π× π(χ)) =
∫
ℜ(s)=2
k(s)
s
γ∞(s+ 1/2)
γ∞(1/2)
L(s+ 1/2,Π× π(χ))Y s
ds
2πi
+ ǫ(1/2,Π× π(χ))
∫
ℜ(s)=2
γ˜∞(s+ 1/2)
γ∞(1/2)
L(s+ 1/2, Π˜× π(χ))Y s
ds
2πi
.
Expanding out the absolutely convergent Dirichlet series in these latter integrals then gives the stated formula
for L(1/2,Π× π(χ)).
To show that the corresponding cutoff functions Vj are bounded as stated, we shift contours to the right
to derive bounds as y →∞, and to the left to derive bounds as y → 0. That is, we use Stirling’s asymptotic
formula to bound the contribution from the gamma factors, as well as the choice of test function k(s) to
avoid any poles in the region 0 < ℜ(s) < 12 −
1
n2+1 . 
5.1.2. Ring class characters of a given exact order. Fix c ⊂ OF an integral ideal. Recall that C(Oc) denotes
the class group of the OF -order Oc = OF + cOK . Note as well that the cardinality #C(Oc) is given by
Dedekind’s classical formula
#C(Oc) =
hK [OK : Oc]
[O×K : O
×
c ]
∏
q|c
(
1−
η(q)
Nq
)
,
where hK = #C(OK) denotes the class number of K, and the product ranges over prime ideal divisors of
the conductor c. Let l be any divisor of this cardinality #C(Oc), and consider the subgroup of l-th powers
C(Oc)
l = {Al : A ∈ C(Oc)}.
Observe that the (primitive) ring class characters χ of C(Oc) of exact order l are precisely those for which
χl = χ0, and hence those which factor through the quotient C(Oc)/C(Oc)
l (see e.g. [36, §1.3]). We have the
corresponding orthogonality relation∑
χ∈C(Oc)∨
χl=χ0
χ(A) =
{
[C(Oc) : C(Oc)
l] if A ∈ C(Oc)
l
0 otherwise.
(18)
Lemma 5.2. Given c ⊂ OF a nonzero integral ideal, and l a divisor of the class number #C(Oc), the
weighted average over central values
Gl,c(Π) :=
1
[C(Oc) : C(Oc)l]
∑
χ∈C(Oc)∨
χl=χ0
L(1/2,Π× π(χ))(19)
is given by the formula
Gl,c(Π) :=
∑
A∈C(Oc)l
(
DA,c,1(Π) +W (ΠK) ·DA,c,2(Π˜)
)
.
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Here, writing Y = (DnKNf(ΠK)Nc
2n)
1
2 to denote the square root of the conductor of each of the L-functions
appearing in the average, the sums are defined by
DA,c,1(Π) =
∑
m⊂OF
ηω(m)
Nm
∑
n⊂OF
cΠ(n)rA(n)
Nn
1
2
V1
(
Nm2Nn
Y
)
and
DA,c,2(Π˜) =
∑
m⊂OF
ηω(m)
Nm
∑
n⊂OF
cΠ˜(n)rA(n)
Nn
1
2
V2
(
Nm2Nn
Y
)
,
and the root number term (as described in Proposition 2.1 above) given by
W (ΠK) = ǫ(1/2,Π× π(χ)) = ω(Dc
2)η(f(Π))ǫ(1/2,Π)2.
Note that none of these definitions depend on the choice of ring class character χ.
Proof. Expanding the summands in the average in terms of the formula of Lemma 5.1, then switching the
order of summation, the stated formula follows from a direct application of the relation (18). 
Let us now consider the binary quadratic form qA(x, y) associated to each class A ∈ C(Oc). Hence, after
fixing an OF -basis of an integral representative of A, the counting function rA(n) counts the number of
representations of an nonzero integral ideal n ⊂ OF by qA, up to the number of automorphs wK of qA.
Fixing such an OF -basis of each class A henceforth, we can then express the average Gl,c(Π) in terms of
these quadratic forms qA as follows:
Corollary 5.3. The weighted average of central values (19) can be expressed as
Gl,c(Π) =
∑
A∈C(Oc)l
(
DA,c,1(Π) +W (ΠK) ·DA,c,2(Π˜)
)
,
where for Y = (DnKNf(ΠK)Nc
2n)
1
2 the square root of the conductor, the summands are given explicitly by
DA,c,1(Π) =
1
wK
∑
m⊂OF
ηω(m)
Nm
∑
a,b∈OF
qA(a,b)6=0
cΠ(qA(a, b))
NqA(a, b)
1
2
V1
(
Nm2NqA(a, b)
Y
)
and
DA,c,2(Π˜) =
1
wK
∑
m⊂OF
ηω(m)
Nm
∑
a,b∈OF
qA(a,b)6=0
cΠ˜(qA(a, b))
NqA(a, b)
1
2
V2
(
Nm2NqA(a, b)
Y
)
.
5.1.3. Averages as sums of constant coefficients. Fix a conductor c ⊂ OF , and then a class A in the class
group C(Oc) of the corresponding order Oc = OF + cOK of conductor c in K.
We now derive integral presentations for the sums DA,c,1(Π) and DA,c,2(Π˜), and hence for the average
Gl,c(Π) itself. Here, we adapt the argument of Proposition 3.4, replacing the metaplectic theta series θQ with
the theta series θqA associated to the binary quadratic form qA = qA(x1, x2) associated to a class A ∈ C(Oc).
Viewed as an automorphic form on GL2(AF ), this theta series has the following Fourier-Whittaker expansion:
Given x ∈ AF an adele and y ∈ A
×
F an idele as above,
θqA
((
y x
1
))
= |y|
1
2
1
wK
∑
a,b∈OF
ψ(qA(a, b)(x+ iy)).
Note that this GL2(AF )-automorphic form corresponds to a holomorphic Hilbert modular form of parallel
weight one, and more specifically one of those used to show the analytic continuation of the Hecke L-function
L(s, χ) for χ a character of the ring class group C(Oc). Notice too that θqA can be viewed as a non-genuine
form on the metaplectic cover G(AF ) of GL2(AF ), as qA has an even number of variables.
Again, we fix a pure tensor ϕ = ⊗vϕv ∈ VΠ whose nonarchimedean local components are essential Whit-
taker vectors. Using the orthogonality of additive characters on AF /F , we compute the constant coefficient
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of the L2-automorphic form on GL2(AF ) defined by PϕθqA = P
n
1ϕθqA (as described above), where θqA again
denotes the image of θqA under complex conjugation:∫
AF /F
PϕθqA
((
y x
1
))
dx =
∫
AF /F
Pϕ
((
y x
1
))
θqA
((
y x
1
))
dx
= |y|
1
2−(
n−2
2 ) 1
wK
∑
γ∈F×
ρϕ(γyf )Wϕ(γy∞)
∑
a,b∈OF
ψ(iyqA(a, b))
∫
AF /F
ψ(γx− qA(a, b)x)dx
= |y|
1
2−(
n−2
2 ) 1
wK
∑
a,b∈OF
qA(a,b)6=0
ρϕ(qA(a, b)yf )Wϕ(qA(a, b)y∞)ψ(iy · qA(a, b))
= |y|
1
2−(
n−2
2 ) 1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ(qA(a, b)yf )
N(qA(a, b)yf )
n−1
2
Wϕ(qA(a, b)y∞)ψ(iy · qA(a, b)).
Now, let Y∞ ∈ F
×
∞ be an archimedean idele whose idele norm |Y∞| equals the square root of the conductor
term Y = (DnKNf(ΠK)Nc
2n)
1
2 . Given a nonzero integral ideal m ⊂ OF , we again write m ∈ F
×
∞ to denote
some archimedean idele having the same norm: |m| = Nm. Specializing this calculation to the archimedean
idele y = y∞ = m
2/Y∞ ∈ F
×
∞ (with yf trivial) gives∫
AF /F
PϕθqA
((
m2
Y∞
x
1
))
dx
=
(
Nm2
Y
) 1
2−(
n−2
2 ) 1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ(qA(a, b))
NqA(a, b)
n−1
2
Wϕ
(
qA(a, b) ·
m2
Y∞
)
ψ
(
iqA(a, b) ·
m2
Y∞
)
,
or equivalently
(
Nm2
Y
)(n−22 )− 12 ∫
AF /F
PϕθqA
((
m2
Y∞
x
1
))
dx
=
1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ(qA(a, b))
NqA(a, b)
n−1
2
Wϕ
(
m2qA(a, b)
Y∞
)
ψ
(
iqA(a, b) ·
m2
Y∞
)
.
Making a similar choice of pure tensor ϕ˜ = ⊗vϕ˜v, we obtain
(
Nm2
Y
)(n−22 )− 12 ∫
AF /F
Pϕ˜θqA
((
m2
Y∞
x
1
))
dx
=
1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ˜(qA(a, b))
NqA(a, b)
n−1
2
Wϕ˜
(
m2qA(a, b)
Y∞
)
ψ
(
iqA(a, b) ·
m2
Y∞
)
.
Let us now choose a pure tensor ϕ1 = ⊗vϕ1,v ∈ VΠ whose local nonarchimedean components ϕ1,v are
essential Whittaker vectors, but whose archimedean components ϕ1,∞ = ⊗v|∞ϕ1,v are chosen so that
Wϕ1(y∞) = ψ(−iy∞)V1(|y∞|)|y∞|
n−2
2
for all y∞ ∈ F
×
∞. Note again that while this choice is not a priori admissible due to the exponential factor
(coming from the ψ(−iy∞) term), a smooth partition of unity via dyadic subdivision allows us to make this
choice. (See the remark after Proposition 4.5 above). We then obtain for each nonzero integral ideal m ⊂ OF
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and its corresponding archimedean idele m ∈ F×∞ (as chosen above) the identity(
Nm2
Y
)(n−22 )− 12 ∫
AF /F
Pϕ1θqA
((
m2
Y∞
x
1
))
dx
=
(
Nm2
Y
)(n−22 ) 1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ(qA(a, b))
NqA(a, b)
1
2
V1
(
Nm2NqA(a, b)
Y
)
.
Similarly, choosing ϕ2 ∈ VΠ˜ to be a pure tensor whose archimedean component satisfies the relation
Wϕ2(y∞) = V2(|y∞|)ψ(−iy∞)|y∞|
n−2
2
for all y∞ ∈ F
×
∞, we obtain for each m the identity(
Nm2
Y
)(n−22 )− 12 ∫
AF /F
Pϕ2θqA
((
m2
Y∞
x
1
))
dx
=
(
Nm2
Y
)(n−22 ) 1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ˜(qA(a, b))
NqA(a, b)
1
2
V2
(
Nm2NqA(a, b)
Y
)
.
Hence, we deduce the following result.
Proposition 5.4. Let ϕ1 = ⊗vϕ1,v ∈ VΠ and ϕ2 = ⊗vϕ2,v ∈ VΠ˜ be pure tensors whose local nonarchimedean
local components ϕj,v are essential Whittaker vectors, but whose archimedean components ϕj,∞ = ⊗v|∞ϕj,v
are chosen so that Wϕj (y∞) = ψ(−iy∞)Vj(|y∞|)|y∞|
n−2
2 for all y∞ ∈ F
×
∞ (for each index j = 1, 2). Fix
Y∞ ∈ F
×
∞ an archimedean idele with idele norm equal to the square root of the conductor
|Y∞| = Y = (D
n
KNf(ΠK)Nc
2n)
1
2 .
Let us also for each nonzero integral ideal m ⊂ OF fix an archimedean idele m ∈ F
×
∞ with idele norm equal
to the absolute norm of the ideal: |m| = Nm. Then, for each such m, we have the identities(
Y
Nm2
) 1
2
∫
AF /F
Pϕ1θqA
((
m2
Y∞
x
1
))
dx =
1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ(qA(a, b))
NqA(a, b)
1
2
V1
(
Nm2NqA(a, b)
Y
)
and (
Y
Nm2
) 1
2
∫
AF /F
Pϕ2θqA
((
m2
Y∞
x
1
))
dx =
1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ˜(qA(a, b))
NqA(a, b)
1
2
V2
(
Nm2NqA(a, b)
Y
)
.
In particular, we obtain
DA,c,1(Π) = Y
1
2
∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ1θqA
((
m2
Y∞
x
1
))
dx
and
DA,c,2(Π˜) = Y
1
2
∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ2θqA
((
m2
Y∞
x
1
))
dx
so that
Gl,c(Π) = Y
1
2
∑
A∈C(Oc)l
( ∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ1θqA
((
m2
Y∞
x
1
))
dx
+W (ΠK) ·
∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ2θqA
((
m2
Y∞
x
1
))
dx
)
.
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Proof. The first claim is a re-statement of the calculation above, which implies that
ηω(m)
Nm
(
Y
Nm2
) 1
2
∫
AF /F
Pϕ1θqA
((
m2
Y∞
x
1
))
dx
=
ηω(m)
Nm
1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ(qA(a, b))
NqA(a, b)
1
2
V1
(
Nm2NqA(a, b)
Y
)
and
ηω(m)
Nm
(
Y
Nm2
) 1
2
∫
AF /F
Pϕ2θqA
((
m2
Y∞
x
1
))
dx
=
ηω(m)
Nm
1
wK
∑
a,b∈OF
qA(a,b)6=0
cΠ˜(qA(a, b))
NqA(a, b)
1
2
V2
(
Nm2NqA(a, b)
Y
)
.
for each nonzero ideal m ⊂ OF (and its corresponding idele). Taking the sum over m ⊂ OF then gives the
stated identities for the second claim. 
5.1.4. Approximations to non-constant metaplectic coefficients. Let us retain all of the notations and con-
ventions of the discussion above. Recall that for a given class A ∈ C(Oc), we fix an OF -basis [1, ϑ] (say) of
an integral representative of A, then expand out in terms of the binary quadratic form qA(x1, x2) associated
to A. Hence, we have the following equivalent expressions for the sums DA,c,1(Π) and DA,c,2(Π˜) appearing
in the average Gl,c(Π) above:
DA,c,1(Π) =
1
wK
∑
m⊂OF
ηω(m)
Nm2
∑
a,b∈OF
a2−b2ϑ2 6=0
cΠ(a
2 − b2ϑ2)
N(a2 − b2ϑ2)
1
2
V1
(
Nm2N(a2 − b2ϑ2)
Y
)
(20)
and
DA,c,2(Π˜) =
1
wK
∑
m⊂OF
ηω(m)
Nm2
∑
a,b∈OF
a2−b2ϑ2 6=0
cΠ˜(a
2 − b2ϑ2)
N(a2 − b2ϑ2)
1
2
V2
(
Nm2N(a2 − b2ϑ2)
Y
)
.(21)
We shall use these more explicit expansions (20) and (21) in the discussion that follows. Recall that we also
consider the genuine metaplectic theta series θQ associated to the quadratic form Q(x) = x
2, which has the
Fourier-Whittaker expansion described in (11) above. We begin by deriving the following convenient integral
presentations for the expansions (20) and (21) via Proposition 3.4 above.
Corollary 5.5. Fix a nonzero F -integer b. We have the following integral presentations for each b-sum
appearing in the expansions (20) and (21) above. Let us again take Y∞ ∈ F
×
∞ to be an archimedean idele of
norm |Y∞| equal to the square root of conductor term Y = (D
n
KNf(ΠK)Nc
2n)
1
2 . As well, given a nonzero
integral ideal m ⊂ OF , we use the same notation again to denote some choice of archimedean idele of idele
norm |m| equal to the absolute norm Nm of the ideal.
(i) Let ϕ1 = ⊗ϕ1,v ∈ VΠ be a pure tensor whose nonarchimedean local components ϕ1,v are essential
Whittaker vectors, and whose archimedean local component is chosen so that
Wϕ1(y∞) = |y∞|
n−2
2 ψ(iy∞)ψ
(
−i ·
b2ϑ2
Y∞
)
V1(|y∞|).
Then, for each nonzero integral ideal m ⊂ OF , we have the identity∫
AF /F
Pϕ1θQ
((
m2
Y∞
x
1
))
ψ(b2ϑ2x)dx
=
(
Nm2
Y
) 1
4 1
wK
∑
a∈OF
a2−b2ϑ2 6=0
cΠ(a
2 − b2ϑ2)
N(a2 − b2ϑ2)
1
2
V1
(
Nm2N(a2 − b2ϑ2)
Y
)
.
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(ii) Let ϕ2 = ⊗vϕ2,v ∈ VΠ˜ be a pure tensor whose nonarchimedean local components ϕ2,v are essential
Whittaker vectors, and whose archimedean local component is chosen so that
Wϕ2(y∞) = |y∞|
n−2
2 ψ(iy∞)ψ
(
−i ·
b2ϑ2
Y∞
)
V2(|y∞|).
Then, for each nonzero integral ideal m ⊂ OF , we have the identity∫
AF /F
Pϕ2θQ
((
m2
Y∞
x
1
))
ψ(b2ϑ2x)dx
=
(
Nm2
Y
) 1
4 1
wK
∑
a∈OF
a2−b2ϑ2 6=0
cΠ˜(a
2 − b2ϑ2)
N(a2 − b2ϑ2)
1
2
V2
(
Nm2N(a2 − b2ϑ2)
Y
)
.
Proof. This is a easy consequence of the calculation of Proposition 3.4 in either case on the chosen vector. 
5.2. Preliminary estimates. We now estimate the averages over ring class characters of conductor c of a
given exact order l (when they exist):
Gl,c(Π) =
∑
A∈C(Oc)l
(
DA,c,1(Π) +W (ΠK) ·DA,c,2(Π˜)
)
.
Again, we present two methods, both using the specialization of the constant Fourier-Whittaker coefficients
appearing in the integral presentation of Proposition 5.4 above. The first, which is more natural for averages
over ring class characters χ, uses the shifted convolution estimates described in Theorem 3.5 above. The
second, which is necessary for more estimates involving the level of the form Π – such as through the
variation of the central character ω – is given by a more direct contour argument as in Proposition 5.16
below, and requires the absolute discriminant DK to be sufficiently large.
5.2.1. Leading terms. Let A ∈ C(Oc) by any class, for c ⊂ OF any conductor as above. We first estimate the
contributions from the b = 0 terms in each of the corresponding sums DA,c,1(Π) and DA,c,2(Π˜), from which
we derive a corresponding estimate for the contributions of the b = 0 terms in the average Gl,c(Π).
Lemma 5.6. Let A ∈ C(Oc) be any class. We have the following estimates for the b = 0 contributions in
each of the corresponding sums DA,c,1(Π) and DA,c,2(Π˜), given in terms of the square root of the conductor
Y = (DnKNf(ΠK)Nc
2n)
1
2 :
(i) For any choice of constant C > 0,∑
m⊂OF
ωη(m)
Nm
∑
a∈OF
a6=0
cΠ(qA(a, 0))
NqA(a, 0)
1
2
V1
(
Nm2NqA(a, 0)
Y
)
= L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+OC(Y
−C).
(ii) For any choice of constant C > 0,∑
m⊂OF
ωη(m)
Nm
∑
a∈OF
a6=0
cΠ˜(qA(a, 0))
NqA(a, 0)
1
2
V2
(
Nm2NqA(a, 0)
Y
)
= L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+OC(Y
−C).
Proof. The proof of completely analogous to that of Lemma 4.3 above (with δ = 1/2), taking into account
the simpler choice of test function k(s) used in the definitions of Vj(y) here. 
Corollary 5.7. Keeping the same setup as in Corollary 5.3 above, the b = 0 contributions to the average
Gl,c(Π) are estimated for any choice of C > 0 as
1
wK
∑
A∈C(Oc)l
(
L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+W (ΠK) · L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+OC(Y
−C)
)
.
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5.2.2. Spectral decomposition estimates. We now consider the contributions from the b 6= 0 terms in the
average Gl,c(Π). To the end, let us fix any class A ∈ C(Oc), and consider the corresponding sums DA,c,1(Π)
and DA,c,2(Π˜) as defined in (20) and (21) above. Using the decay properties of the cutoff functions Vj(y) for
each of j = 1, 2, it is easy to see that it will suffice to estimate the contribution from nonzero ideals m ⊂ OF
and F -integers a, b ∈ OF such that Nm
2(a2 − b2ϑ2) ≤ Y . Since ϑ2 = O(DK), it is easy to see that from this
observation that it will suffice to estimate the contributions of the longer, truncated sums defined by
D†A,c,1(Π) =
∑
m⊂OF
ηω(m)
Nm
∑
b6=0∈OF
1≤NmNb≤
(
Y
DK
) 1
2
∑
a∈OF
cΠ(a
2 − b2ϑ2)
N(a2 − b2ϑ2)
1
2
V1
(
Nm2N(a2 − b2ϑ2)
Y
)
(22)
and
D†A,c,2(Π˜) =
∑
m⊂OF
ηω(m)
Nm
∑
b6=0∈OF
1≤NmNb≤
(
Y
DK
) 1
2
∑
a∈OF
cΠ˜(a
2 − b2ϑ2)
N(a2 − b2ϑ2)
1
2
V2
(
Nm2N(a2 − b2ϑ2)
Y
)
.(23)
Proposition 5.8. Assume that the cuspidal GLn(AF )-representation Π is not orthogonal, hence the the
corresponding symmetric square L-function L(s, Sym2Π) does not have a pole at s = 1. Then, for any class
A ∈ C(Oc), the corresponding truncated sums defined in (22) and (23) are bounded above in modulus by
D†A,c,1(Π)≪Π Y
1
4+σ0 = D
n
2 (
1
4+σ0)−
1
2
K
(
Nf(ΠK)
1
2Ncn
) 1
4+σ0
and
D†A,c,2(Π˜)≪Π Y
1
4+σ0 = D
n
2 (
1
4+σ0)−
1
2
K
(
Nf(ΠK)
1
2Ncn
) 1
4+σ0
.
Here again, 0 ≤ σ0 ≤
1
4 denotes the best known or admissible approximation towards the generalized Lindelo¨f
hypothesis in the level aspect for GL2(AF )-automorphic forms (with σ0 = 0 conjectured), and we have the
admissible exponent σ0 = 103/512 thanks to Blomer-Harcos [6, Corollary 1].
Proof. Again, this is completely analogous to Proposition 4.7 above. To be clear, we start with the first sum
D†A,c,1(Π), as defined in (22). Theorem 3.5 then implies that we have the bound
D†A,c,1(Π)≪Π,ε
∑
m⊂OF
1
Nm
∑
b6=0∈OF
1≤NmNb≤
(
Y
DK
) 1
2
Y
θ0
2 −
1
4+ε|b2ϑ2|σ0−
θ0
2 −ε
= Y
θ0
2 −
1
4−ε|ϑ2|σ0−
θ0
2 −ε
∑
m⊂OF
1
Nm
∑
b6=0∈OF
1≤NmNb≤
(
Y
DK
) 1
2
b2(σ0−
θ0
2 )−ε
≪ Y
θ0
2 −
1
4+εD
σ0−
θ0
2 −ε
K
∑
m⊂OF ,b6=0∈OF
1≤NmNb≤
(
Y
DK
) 1
2
b2(σ0−
θ0
2 )−ε.
Put R = (Y/DK)
1
2 . Estimating the double sum as the number of lattice points under the hyperbola xy = R
in terms of the classical estimate R logR≪ε R
1+ε, we then derive the estimate
DA,c,1(Π)≪Π,ε Y
θ0
2 −
1
4+εD
σ0−
θ0
2 −ε
K
(
Y
DK
) 1
2
(
Y
DK
)(σ0− θ02 )−ε
= Y
1
4+δ0D
− 12
K .
Note that this latter quantity is the same that appears in the stated estimate, after expanding out the
Y = (DnKNf(ΠK)Nc
n)
1
2 . The same argument works to bound the sum D†A,c,2(Π˜) defined in (23). 
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Corollary 5.9. Assume Π is not orthogonal. Again writing 0 ≤ σ0 ≤ 1/4 to denote the best known approxi-
mation towards the generalized Lindelo¨f hypothesis for GL2(AF )-automorphic forms in the level aspect, with
σ0 = 0 conjectured and σ0 = 103/512 < 1/4 known by [6, Corollary 1], we derive the estimates
DA,c,1(Π) =
1
wK
· L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+OΠ
(
D
n
2 (
1
4+σ0)−
1
2
K
(
Nf(ΠK)
1
2Ncn
) 1
4+σ0
)
and
DA,c,2(Π˜) =
1
wK
· L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+OΠ
(
D
n
2 (
1
4+σ0)−
1
2
K
(
Nf(ΠK)
1
2Ncn
) 1
4+σ0
)
.
In particular, the average Gl,c(Π) can then be estimated as
Gl,c(Π) =
1
wK
∑
A∈C(Oc)l
(
L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+W (ΠK) · L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+OΠ
(
D
n
2 (
1
4+δ0)−
1
2
K
(
Nf(ΠK)
1
2Ncn
) 1
4+σ0
))
.
Proof. The result follows immediately via Lemma 5.6, taking the constants C > 0 to be sufficiently large. 
Using the nonvanishing of the symmetric square values L(1, Sym2Π), it is easy to see from this latter
estimate that when n = 2 and DK ≫ Nc, the average Gl,c(Π) does not vanish as DK grows. More precisely
(when n = 2), we argue that for a given class A ∈ C(Oc)
l, for each index j = 1, 2, we can find a positive
constant κj > 0 such that we have the estimates
DA,c,1(Π) =
1
wK
· L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+OΠ
(
Y −κ1
)
(24)
and
DA,c,2(Π˜) =
1
wK
· L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+OΠ
(
Y −κ2
)
(25)
when DK ≫ Nc (e.g. when c = OF ). Using these estimates, it is not hard to deduce that the average Gl,c(Π)
does not vanish in this range. As we explain next, we can use the integral presentation of Proposition 5.4
above to expand this range on the size of Y to derive our main estimate for the averages Gl,c(Π).
5.3. Asymptotics via specialization. We now use the integral presentation of Proposition 5.4 with Corol-
lary 5.9 to derive the following main result; cf. also Lemma 4.11 above and Proposition 5.16 below.
Theorem 5.10. Assume that either (i) the cuspidal GLn(AF )-automorphic representation is not orthogonal
or else (ii) that the absolute discriminant DK of K is sufficiently large. Fix an ideal c ⊂ OF prime to the
conductor f(Π). Given a class A ∈ C(Oc), we have for some choice of constant κ > 0 the estimates
DA,c,1(Π) =
1
wK
· L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+O(Y −κ)
and
DA,c,2(Π˜) =
1
wK
· L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+O(Y −κ).
Here, the error terms depend on the conductor of Π unless it is assumed that the absolute discriminant
DK is sufficiently large (cf. Proposition 5.16 below), in which case we do not need to assume that Π is not
orthogonal.
Proof. Using the arguments of Proposition 5.4, the sums we wish to estimate have the integral presentations
DA,c,1(Π) = |Y∞|
1
2
∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ1θqA
((
m2
Y∞
x
1
))
dx
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and
DA,c,2(Π˜) = |Y∞|
1
2
∑
m⊂OF
ηω(m)
Nm2
∫
AF /F
Pϕ2θqA
((
m2
Y∞
x
1
))
dx.
Again, the pure tensors ϕ1 ∈ VΠ and ϕ2 ∈ VΠ˜ are chosen as in Proposition 5.4 above, and we retain all
of the same conventions. Hence, Y∞ ∈ F
×
∞ denotes any archimedean idele with idele norm |Y∞| = Y , and
m ∈ F×∞ any such idele with norm equal to the absolute norm of the corresponding integral ideal m ⊂ OF ,
so that |m| = Nm. Let us now consider the lifted L2-automorphic forms on g ∈ GL2(AF ) defined for each
index j = 1, 2 by
fj(g) = PϕjθqA(g) = P
n
1ϕjθqA(g).
Recall that these forms have the following Fourier-Whittaker expansions described in (10) above. That is,
taking y = yfy∞ ∈ A
×
F to be a generic idele as above, with x ∈ AF a generic adele, we have
fj
((
y x
1
))
= ρfj ,0(y) +
∑
γ∈F×
ρfj (γyf)Wfj (γy∞)ψ(γx),
where again we decompose the Whittaker coefficients into nonarchimedean and archimedean components as
ρfj (γyf) =Wfj
((
γyf
1
))
and Wfj (γy∞) =Wfj
((
γy∞
1
))
.
As functions of y = yfy∞ ∈ A
×
F , it is easy to deduce that the constant coefficients ρfj ,0(y) are smooth and
of moderate growth; we refer to [49, § I.2.6] (for instance) for background. It is also clear that
DA,c,1(Π) = |Y∞|
1
2
∑
m⊂OF
ηω(m)
Nm2
ρf1,0
(
m2
Y∞
)
=
∑
m⊂OF
ηω(m)
Nm
(
Nm2
|Y∞|
)− 12
ρf1,0
(
m2
Y∞
)
and
DA,c,2(Π˜) = |Y∞|
1
2
∑
m⊂OF
ηω(m)
Nm2
ρf2,0
(
m2
Y∞
)
=
∑
m⊂OF
ηω(m)
Nm
(
Nm2
|Y∞|
)− 12
ρf2,0
(
m2
Y∞
)
Let us now consider the contributions from the first term m = OF in these sums,
|Y∞|
1
2 ρfj ,0
(
1
Y∞
)
.
Observe that by Corollary 5.9, or more precisely by the arguments of Lemma 5.6 and Proposition 5.8, we
have the following interpretation for these constant coefficients, which note are distinct from the non-constant
metaplectic coefficients appearing in the arguments of Lemma 5.5 and Proposition 5.8: Given Y∞ ∈ F
×
∞ an
archimedean idele with idele norm |Y∞| = DK ≫ 1, we have for any choice of C > 0 in each case that
|Y∞|
1
2 ρfj ,0
(
1
Y∞
)
=
1
wK
·
{
L1(1,Sym
2 Π)
L1(2,ω)
+OΠ
(
|Y∞|
−C
)
if j = 1
L1(1,Sym
2 Π˜)
L1(2,ω)
+OΠ
(
|Y∞|
−C
)
if j = 2.
Let us remark that this assertion can also be checked directly, after expanding out the constant coefficient
via orthogonality of additive characters on AF /F and performing a basic estimate in the style of Lemma 5.6
above. Note as well that the arguments of Lemma 4.11 above extend easily to this setting to derive a direct
estimate. We give more details of such a direct argument in Proposition 5.16 below. Either way, we deduce
that
lim
|Y∞|→∞
|Y∞|
1
2 ρfj ,0
(
1
Y∞
)
=
1
wK
·
{
L1(1,Sym
2Π)
L1(2,ω)
if j = 1
L1(1,Sym
2 Π˜)
L1(2,ω)
if j = 2.
(26)
Hence, DA,c,1(Π) and DA,c,2(Π˜) can be approximated via the respective limits
lim
|Y∞|→∞
∑
m⊂OF
∣∣∣∣Y∞m2
∣∣∣∣ 12 ηω(m)Nm ρf1,0
(
m2
Y∞
)
=
1
wK
∑
m⊂OF
ηω(m)
Nm
L1(1, Sym
2Π)
L1(2, ω)
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and
lim
|Y∞|→∞
∑
m⊂OF
∣∣∣∣Y∞m2
∣∣∣∣ 12 ηω(m)Nm ρf2,0
(
m2
Y∞
)
=
1
wK
∑
m⊂OF
ηω(m)
Nm
L1(1, Sym
2 Π˜)
L1(2, ω)
.
In fact, we argue that we can use Abel summation with (26) to derive that
lim
|Y∞|→∞
∑
m⊂OF
∣∣∣∣Y∞m2
∣∣∣∣ 12 ηω(m)Nm ρf1,0
(
m2
Y∞
)
=
1
wK
· L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
and
lim
|Y∞|→∞
∑
m⊂OF
∣∣∣∣Y∞m2
∣∣∣∣ 12 ηω(m)Nm ρf2,0
(
m2
Y∞
)
=
1
wK
· L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
.
Either way, the claimed estimates are now easy to deduce. Here, we must keep in mind that the error terms
we derive in terms of spectral decompositions of shifted convolution sums depend on the conductor of Π. To
remove this dependence, one can perform a direct nonvanishing estimate for the constant coefficients as in
Proposition 5.16 below if the absolute discriminant DK is sufficiently large. 
Corollary 5.11. Assume that either (i) the cuspidal GLn(AF )-automorphic form Π is not orthogonal or
(ii) that the absolute discriminant DK of K is sufficiently large. Then for some choice of κ > 0, we have
Gl,c(Π) =
1
wK
∑
A∈C(Oc)l
(
L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+W (ΠK) · L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+O(Y −κ)
)
.
Again, the error depends on conductor f(Π) unless DK is sufficiently large (cf. Proposition 5.16 below), in
which case we do not need to assume that Π is non-orthogonal. In particular, assuming either (i) or (ii), if
the square root of the conductor Y = (DnKNf(ΠK)Nc
n)
1
2 is sufficiently large, then Gl,c(Π) does not vanish.
Proof. We deduce from the argument of Theorem 5.10 that
lim
|Y∞|→∞
∑
A∈C(Oc)l
( ∑
m⊂OF
∣∣∣∣Y∞m2
∣∣∣∣ 12 ηω(m)Nm ρPϕ1θqA ,0
(
m2
Y∞
)
+ ǫ ·
∑
m⊂OF
∣∣∣∣Y∞m2
∣∣∣∣ 12 ηω(m)Nm ρPϕ2θqA ,0
(
m2
Y∞
))
converges to
1
wK
∑
A∈C(Oc)l
(
L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+W (ΠK) · L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
)
.
The claimed estimate follows, with asymptotic nonvanishing a consequence of that of the symmetric square
L-values L1(1, Sym
2Π) and L1(1, Sym
2 Π˜) implied by the theorem of Shahidi [57]. 
5.4. Rationality theorems and Galois averages. Let us now take for granted the estimate Theorem 5.11
above, and explain how to derive a stronger nonvanishing result in the style of the theorems of Greenberg
[24] and Rohrlich [54] and [55] for central values of L-functions of elliptic curves with complex multiplication,
as well as those of Vatsal [66] and Cornut-Vatsal [13] [14] for (self-dual) families of central values of Rankin-
Selberg L-functions on GL2(AF )×GL2(AF ) indexed by ring class characters of prime-power conductor.
5.4.1. The classical setting. The theorems of Rohrlich [54], [55] and Vatsal [66] use the following theorem of
Shimura [59], which we now summarize for convenience. Suppose that n = 2, and that our cuspidal GL2(AF )-
automorphic representation Π is attached to a holomorphic Hilbert modular eigenform f of arithmetic weight
k = (kj)
d
j=1 (for d = [F : Q]), with each kj ≥ 2. Here, arithmetic means that ki ≡ kj mod 2 for all indices
i 6= j. Fixing K a totally imaginary quadratic extension of F , let χ be any ring class character of K, or more
generally any Hecke character of K whose corresponding theta series θ(χ) has arithmetic weight w = (wj)
d
j
with wj < kj for each 1 ≤ j ≤ d. The main theorem of Shimura [59] implies there exists some nonzero
complex number Ω(Π) (independent of the choice of χ), for which the ratio
L(1/2,Π× π(χ)) = L(1/2,Π× π(χ))/Ω(Π)(27)
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is an algebraic number. To be more explicit, this number Ω(Π) is given by 8π2 times the Petersson norm of
f . As well, this ratio (27) is contained in the compositum Q(Π, χ) = Q(Π)Q(χ) of the Hecke field Q(Π) of Π
obtained by adjoining to Q the Hecke eigenvalues of Π with the cyclotomic field Q(χ) obtained by adjoining
to Q the values of χ. Moreover, writing GQ = Gal(Q/Q) to denote the absolute Galois group of Q, there is
a natural action of σ ∈ GQ on these values L(1/2,Π× π(χ)) of the form
σ (L(1/2,Π× π(χ))) = L(1/2,Πγ ⊗ π(χσ)).
Here, γ denotes the restriction of σ to the Hecke field Q(Π), i.e. γ = σ|Q(Π), with the action being determined
on the level of Hecke eigenvalues or Fourier coefficients in the natural way (see [59]). As well, viewing χ as a
character on nonzero ideals a ⊂ OK , we write χ
σ to denote the character determined by the rule a 7→ σ (χ(a)).
In particular, if we take Σ = Σ[χ] to be the set of all embeddings σ : Q(Π, χ)→ C which fix Q(Π), then the
values in the set defined by G[χ](Π) = {σ (L(1/2,Π× π(χ))) : σ ∈ Σ} are Galois conjugate. An immediate
consequence is the following rigidity property: L(1/2,Π× π(χ)) = 0 if any only if L(1/2,Π× π(χσ)) = 0 for
all σ ∈ Σ[χ]. This property underlies the averaging theorems of Rohrlich, [54], [55]
4, and Vatsal [66].
5.4.2. Automorphic periods over CM fields. A generalization of Shimura’s theorem [59] in the direction
of Deligne’s rationality conjectures [15] can be established for special cases of the basechange L-functions
L(s,ΠK⊗χ) we consider above when the dimension n ≥ 2 is even. We refer to Garrett-Harris [18] for special
cases of n = 4 via the functoriality theorem of Ramakrishnan [52], with the more general case on even n
given in Harris [31] and more generally Guerberoff and Guerberoff-Lin, as described in Harris-Lin [32, §4.3].
To give a brief summary in the notations and normalizations used here, let Π = ⊗vΠv be a cuspidal
automorphic representation of GLn(AF ) for n ≥ 2 even. We assume from now on that Π is cohomological,
which means essentially that Π can be realized in the cohomology of some Shimura variety, and refer to Clozel
[9] for a more detailed account of such representations. For each real place τ of F , such a cohomological
representation Π has a corresponding highest weight given by an n-tuple (λj)
n
j=1 = (λτ,j)
d
j=1, and it is known
(see [9, Lemme de Purete´ 4.9]) that the sum λj + λn+1−j for each index 1 ≤ j ≤ n is equal to a constant
w ∈ Z known as the purity weight. This purity weight w does not depend on the choice of real place τ . As
well, such a representation Π is said to be regular if the weights λj 6= λi for all indices i 6= j (see [9, 3.5]). In
the setup we consider above, the central value s = 1/2 of L(s,ΠK ⊗ χ) (with χ a ring class character of K)
is critical in the sense of Deligne [15] if and only if λj = λj 6=
w
2 for each index 1 ≤ j ≤ n. We can now state
the following special case of Deligne’s conjecture for our averaging setup:
Theorem 5.12. Let n ≥ 2 be an even integer. Let Π = ⊗vΠv be a regular, self-dual, cuspidal, cohomological
automorphic representation of GLn(AF ). Assume that the Hodge-Tate weights of Π satisfy the condition
described above, so that λj 6=
w
2 for each index 1 ≤ j ≤ n. There exists a nonzero complex number Ω(ΠK)
(depending only on the basechange representation ΠK) such that for any ring class character χ (and more
generally any wide ray class character) of K, the ratio
L(1/2,ΠK ⊗ χ) = L(1/2,ΠK ⊗ χ)/Ω(ΠK)
is an algebraic number, contained in the compositum of the Hecke field Q(ΠK) of ΠK with the cyclotomic
field Q(χ) obtained by adjoining to Q the values of χ. Moreover, there is a natural action of σ ∈ GQ on
these values L(1/2,ΠK ⊗ χ) of the form
σ (L(1/2,ΠK ⊗ χ)) = L(1/2,Π
γ
K ⊗ χ
σ),
where γ denotes the restriction of σ to the Hecke field Q(ΠK), i.e. γ = σ|Q(ΠK). Hence in particular, if we
take Σ = Σ[χ] to be the set of all embeddings σ : Q(ΠK , χ)→ C which fix Q(ΠK), then the values in the set
G[χ](ΠK) = {σ (L(1/2,ΠK ⊗ χ)) : σ ∈ Σ}
are Galois conjugate. Consequently, L(1/2,ΠK ×χ) = 0 if any only if L(1/2,ΠK ⊗χ
σ) = 0 for all σ ∈ Σ[χ].
Proof. See [32, Theorem 4.7]; the theorem is established by Harris [31] and more generally Guerberoff-Lin
(see [32] for details). The special case of certain triple products of holomorphic forms corresponding to n = 4
(thanks to the functoriality theorem of Ramakrishnan [52]) is also implied by Garrett-Harris [18]. 
4However, although the principle remains the same, the setting of Dirichlet characters implicit in the latter theorem [55]
takes a slightly different form than described here (e.g. as the L-functions considered there are not of Rankin-Selberg type).
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5.4.3. Automorphic periods via Eisenstein cohomology. We also have the following constructions of periods in
the sense of Deligne [15] given by Harder-Raghuram [29] and Mahnkopf [47] via Eisenstein cohomology for the
GLn(AF )×GL1(AF ) L-functions L(s,Π⊗ ξ), i.e. with ξ = ⊗vξv an idele class character of the totally real
5
field F . To describe the setup briefly, we begin with the following intuitive or conceptual characterization:
Heuristic observation. Let Π be an irreducible cuspidal automorphic representation of GLn(AF ) with
unitary central character ω. Assume again that Π is cohomological. For the purpose of this preliminary
discussion, it will in fact suffice to assume that the root number ǫ(1/2,Π) ∈ S1 of L(s,Π) of Π is an algebraic
number. Fix ξ = ⊗vξv an idele class character of F of conductor f(ξ) ⊂ OF prime to the conductor f(Π) ⊂ OF
of Π, which we shall later take to have trivial archimedean component. Hence, ξ corresponds to a wide ray
class Hecke character. Recall that the twisted L-function L(s,Π ⊗ ξ), defined first for ℜ(s) > 1 by the
Dirichlet series expansion L(s,Π ⊗ ξ) =
∑
m⊂OF
cΠ(m)ξ(m)Nm
−s, has a well-known analytic continuation,
and satisfies the functional equation
Λ(s,Π⊗ ξ) = ǫ(1/2,Π⊗ ξ)Λ(1− s, Π˜⊗ ξ−1),(28)
where Λ(s,Π ⊗ ξ) = L(s,Π∞ ⊗ ξ∞)L(s,Π⊗ ξ) denotes the completed L-function whose archimedean com-
ponent (in the notations described above) is given by
L(s,Π∞ ⊗ ξ∞) = (D
n
FNf(Π)Nf(ξ)
n)
s
2
∏
v|∞
n∏
j=1
ΓR (s− ξv(−1)µj(Π∞))
= (DnFNf(Π)Nf(ξ)
n)
s
2 γ∞(s),
and root number ǫ(1/2,Π× χ) ∈ S1 by the formula
ǫ(1/2,Π⊗ ξ) = ω(f(ξ))ξ(f(Π))ǫ(1/2,Π)ǫ(1/2, ξ)n
= ω(f(ξ))ξ(f(Π))ǫ(1/2,Π)ǫ(1/2,Π)
(
τ(ξ)√
Nf(ξ)
)n
.
Here, we write τ(ξ) to denote the Gauss sum of ξ (see e.g. [51] for definitions), and DF for the absolute
discriminant of F . Since the Hecke characters ξ and its Gauss sum τ(ξ) take algebraic values, our assumption
that ǫ(1/2,Π) take algebraic values implies the same for the root number ǫ(1/2,Π ⊗ ξ) for any idele class
character ξ = ⊗vξv of F . As a consequence, we see via (28) that for any complex argument δ ∈ C for which
the corresponding value L(δ,Π⊗ ξ) does not vanish, the ratio defined by
L(δ,Π⊗ ξ) =
Λ(δ,Π⊗ ξ)
Λ(1− δ, Π˜⊗ ξ−1)
= (DnFNf(Π)Nf(ξ)
n)δ−
1
2 ·
γ∞(δ)L(δ,Π⊗ ξ)
γ˜∞(1− δ)L(1− δ, Π˜⊗ ξ)
is an algebraic number of complex modulus one. Moreover, there is a natural action of σ ∈ GQ on these
values σ (L(δ,Π⊗ ξ)) = L(δ,Πγ ⊗ ξσ) via the natural action on the root number ǫ(1/2,Π⊗ ξ), although this
is only well-defined if each of the values in the orbit is known a priori to be nonvanishing.
The construction of periods via Eisenstein cohomology contains a similar ratio of completed L-values
L(δ,Π⊗ ξ), where the argument δ ∈ C is critical in the sense of Deligne [15], as characterized in this setting
in [29, Proposition 7.36]. In particular, we derive from [29, Theorem 7.40] the following rationality property.
Theorem 5.13. Fix an even integer n ≥ 2. Let Π = ⊗vΠv be a regular cuspidal cohomological representation
of GLn(AF ). Assume that the Hodge-Tate weights of Π described for Theorem 5.12 above satisfy the condition
of [27, Proposition 6.1], so λn
2
≤ 0 ≤ λn
2 +1
= w − λn
2
. Let ξ = ⊗vξv be any idele class character of F
5Note that the induced representation pi(χ) of GL2(AF ) coming from a ring class character χ of a totally imaginary quadratic
extension K/F is not cohomological, and hence the theorems of [28], [29], [47] do not apply in the setting of Rankin-Selberg
L-functions L(s,Π× pi(χ)) = L(s,ΠK ⊗ χ) we consider above.
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which trivial archimedean component. There exists a nonzero complex number Ω(Π) (depending only on the
representation Π) such that the ratio
L(1/2,Π⊗ ξ) :=
Λ(1/2,Π⊗ ξ)
(Ω(Π)Λ(1/2, Π˜⊗ ξ)
=
L(1/2,Π⊗ ξ)
Ω(Π)
is an algebraic number, contained in the compositum Q(Π, ξ) = Q(Π)Q(ξ) of the Hecke field Q(Π) of Π with
the cyclotomic field Q(ξ) obtained by adjoining to Q the values of ξ. Moreover, there is a natural action of
σ ∈ GQ on these values of the form σ (L(1/2,Π⊗ ξ)) = L(1/2,Π
γ ⊗ ξσ)), where γ denotes the restriction of
σ to the Hecke field Q(Π), i.e. γ = σ|Q(Π). In particular, if we take Σ = Σ[ξ] to be the set of all embeddings
σ : Q(Π, ξ)→ C which fix Q(Π), then the values in the set
G[ξ](Π) = {σ (L(1/2,Π⊗ ξ)) : σ ∈ Σ}
are Galois conjugate, and hence L(1/2,Π⊗ ξ) = 0 if any only if L(1/2,Π⊗ ξσ) = 0 for all σ ∈ Σ[ξ].
Proof. See Harder-Raghuram [28, Theorem 4.1] and [29, § 7.2 and Theorem 7.40]. See also Mahnkopf [47,
Theorem A] with the nonvanishing theorem of Sun [60], as well as Harder [30] for the case of n = 2. 
5.4.4. Galois averages of ring class characters. We can use the result of Theorems 5.12 to strengthen that
of Corollary 5.11, in the style of the nonvanishing theorems of Rohrlich [54] and [55]. Let us take the ring
class conductor c ⊂ OF to be some power of a prime ideal p ⊂ OF with underlying rational prime p, say
c = pα for some integer α ≥ 0 (typically α ≫ 1). We could in fact consider a more general setting on the
conductor c, but at the expense of clarity. Let us then take l = pr for some integer 1 ≤ r ≤ α. We argue
that for α ≥ r ≫ 1 sufficiently large, the (primitive) ring class characters χ of exact order l = pr are Galois
conjugate, as they take values in the set µpr of primitive roots of unity of exact order p
r. These are exactly
the characters appearing in the averages
Gpr,pα(Π) =
1
[C(Opα) : C(Opα)p
r ]
∑
χ∈C(O
pα )
∨
χp
r
=χ0
L(1/2,Π× π(χ))
=
∑
A∈C(Opα)p
r
(
DA,pα,1(Π) +W (ΠK) ·DA,pα,2(Π˜)
)
studied above, which for Y = (DnKNf(ΠK)Np
α)
1
2 sufficiently large is estimated as∑
A∈C(Opα)p
r
1
wK
·
(
L(1, ηω) ·
L1(1, Sym
2Π)
L1(2, ω)
+W (ΠK) · L(1, ηω) ·
L1(1, Sym
2 Π˜)
L1(2, ω)
+O(Y −κ)
)
for some constant κ > 0 in Corollary 5.11. Here again, ǫ ∈ S1 is the root number
W (ΠK) = ǫ(1/2,Π× π(χ)) = ω(f(Π)c(χ)
2)η(f(Π))ǫ(1/2,Π)2,
which does not depend on the choice of ring class character χ of exact order pr of K (see Proposition 2.1).
We note that this is analogous to the setup of Rohrlich [54, §1] for L-functions of CM elliptic curves.
Theorem 5.14. Let n ≥ 2 be an even integer. Let Π = ⊗vΠv be a regular, self-dual, cuspidal, cohomological
automorphic representation of GLn(AF ). Let us assume additionally that the Hodge-Tate weights of Π satisfy
the condition described above, so that λj = λj 6=
w
2 for each index 1 ≤ j ≤ n. Let K a totally imaginary
quadratic extension of F , and p ⊂ OF a prime ideal with underlying rational prime p. Assume the conditions
of Theorem 5.10, and that the Hecke field Q(ΠK) = Q(Π) is linearly disjoint over Q to the cyclotomic field
Q(µp∞) obtained by adjoining to Q all p-power roots of unity. Given sufficiently large integers α ≥ r ≫ 1,
the central critical value L(1/2,Π × π(χ)) = L(1/2,ΠK ⊗ χ) does not vanish for any primitive ring class
character χ of conductor pα and exact order pr.
Proof. The result follows in a direct way from that of Corollary 5.11, using Theorem 5.12 to deduce the
nonvanishing of the corresponding Galois orbit. 
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Taking the limit, we derive the following generalization of the theorems of Rohrlich [55], Vatsal [66], and
Cornut-Vatsal [13] for central values.
Corollary 5.15. If F = Q of more generally the residue degree [Fp : Qp] of p equals one, then for all
but finitely many ring class characters χ of p-power conductor, the central value L(1/2,Π× π(χ)) does not
vanish. If F is an arbitrary totally real number field, then for a positive proportion of all primitive ring class
characters χ of p-power conductor, the central value L(1/2,Π× π(χ)) does not vanish.
5.4.5. Galois averages of Dirichlet-like characters. Although it is perhaps less natural, we can also specialize
our estimates to the trivial character χ0 of C(OK) to derive the following generalization of the cyclotomic
nonvanishing theorem of Rohrlich [55] via Theorem 5.13.
Proposition 5.16. Fix an integer n ≥ 2. Let Π = ⊗vΠv be a cuspidal GLn(AF )-automorphic representation
with unitary central character ω = ⊗vωv and conductor f(Π) ⊂ OF . Let ξ = ⊗vξv be an idele class character
of F of conductor f(ξ) ⊂ OF prime to f(Π). Let K be any totally imaginary quadratic extension of F whose
relative discriminant D ⊂ OF is prime to f(Π), and whose absolute discriminant we denote by DK. If both
the absolute discriminant DK and the absolute norm of the conductor of Nf(ξ) are sufficiently large, then
the basechange central value L(1/2,ΠK ⊗ ξ ◦N) = L(1/2, (Π⊗ ξ)K ⊗χ0) = L(1/2, (Π⊗ ξ)× π(χ0)) does not
vanish. Here, N denotes the norm homomorphism NK/F = K → F , so that ξ ◦N denotes the basechange lift
of the idele class character ξ to K. Equivalently via Artin formalism, if both DK and Nf(ξ) are sufficiently
large, then the product of central values L(1/2,Π⊗ ξ)L(1/2,Π⊗ ηξ) does not vanish.
Proof. Put Π′ = Π⊗ ξ. Consider the average corresponding to the trivial character χ0 of C(OK),
G1,OF (Π
′) =
∑
A∈C(OK)
(
DA,1,OF (Π
′) + ǫ(1/2,Π′K) ·DA,2,OF (Π˜
′)
)
.
This is seen via the approximate functional equation to be the same as the basechange central value
L(1/2,Π′K) = L(1/2,ΠK ⊗ (χ ◦NK/F )) = L(1/2,Π⊗ ξ)L(1/2,Π⊗ ηξ). By Proposition 5.4, we can then find
decomposable vectors ϕ′1 ∈ VΠ′ and ϕ
′
2 ∈ VΠ˜′ for which L(1/2,Π
′
K) is expressed by the sum
Y
1
2
∑
A∈C(OK)
( ∑
m⊂OF
ωξ2η(m)
Nm2
ρ
Pϕ′1θqA
(
m2
Y
)
+W (Π′K) ·
∑
m⊂OF
ωξ
2
η(m)
Nm2
ρ
Pϕ′2θqA
(
m2
Y
))
,(29)
whereW (Π′K) = ǫ(1/2,ΠK) = ǫ(1/2,Π⊗ ξ)ǫ(1/2,Π⊗ηξ) denotes the root number, and Y = (D
n
KNf(Π
′
K))
1
2
the square root of the conductor of L(s,Π′K).
We estimate this sum using a variation of the argument given for Lemma 4.11 above, as the error terms
in the corresponding shifted convolution estimates for Π′ = Π⊗ ξ depend on the conductor f(Π′K). Here, we
argue again that the constant coefficients ρ
Pϕ′jθqA
(y∞) as functions of an archimedean idele y∞ ∈ F
×
∞ cannot
be identically zero for DK ≫ 1. To see this, we first open up the Epstein-like expansions of these coefficients
(using the precise choices of vectors ϕ′j made above) to derive the identities
|y∞|
− 12 ρ
Pϕ1θqA ,0
(y∞) =
1
wK
∑
a,b,∈OF
qA(a,b)6=0
cΠ′(qA(a, b))
NqA(a, b)
1
2
V1
(
NqA(a, b)
Y
)
and
|y∞|
− 12 ρ
Pϕ2θqA ,0
(y∞) =
1
wK
∑
a,b,∈OF
qA(a,b)6=0
cΠ˜′(qA(a, b))
NqA(a, b)
1
2
V2
(
NqA(a, b)
Y
)
.
Let us first consider the leading b = 0 terms in these sums. Expanding out the cutoff functions Vj(y) and
shifting contours, it is easy to see that
|y∞|
− 12 ρ
Pϕ′1θqA ,0
(y∞)|b=0 =
1
wK
∫
ℜ(s)=2
k(s)
s
γ′∞(1/2, s)
γ′∞(1/2)
L1(1 + 2s, Sym
2Π⊗ ξ)
L1(2 + 4s, ωξ2)
|y∞|
−s ds
2πi
=
1
wK
·
{
L1(1,Sym
2Π⊗ξ)
L1(2,ωξ2)
+OB(|y∞|
B) for any B ≥ 1 as |y∞| → 0
OC(|y∞|
−C) for any C > 0 as |y∞| → ∞
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and
|y∞|
− 12 ρ
Pϕ′2θqA ,0
(y∞)|b=0 =
1
wK
∫
ℜ(s)=2
k(s)
s
γ˜′∞(1/2, s)
γ′∞(1/2)
L1(1 + 2s, Sym
2 Π˜⊗ ξ)
L1(2 + 4s, ωξ
2
)
|y∞|
−s ds
2πi
=
1
wK
·
{
L1(1,Sym
2 Π˜⊗ξ)
L1(2,ωξ
2
)
+OB(|y∞|
B) for any B ≥ 1 as |y∞| → 0
OC(|y∞|
−C) for any C > 0 as |y∞| → ∞
On the other hand, let us consider the remaining b 6= 0 contributions
|y∞|
− 12 ρ
Pϕ′1θqA ,0
(y∞)|b6=0
=
∫
ℜ(s)=2
k(s)
s
γ′∞(s+ 1/2)
γ′∞(s)
∑
a,b6=0∈OF
cΠ′(qA(a, b))
NqA(a, b)
1
2
(NqA(a, b)|y∞|)
−s ds
2πi
and
|y∞|
− 12 ρ
Pϕ′2θqA ,0
(y∞)|b6=0
=
∫
ℜ(s)=2
k(s)
s
γ˜′∞(s+ 1/2)
γ′∞(s)
∑
a,b6=0∈OF
cΠ˜′(qA(a, b))
NqA(a, b)
1
2
(NqA(a, b)|y∞|)
−s ds
2πi
.
Expanding out the quadratic form qA(a, b) and shifting contours to the right in each case, we argue that for
|y∞| > D
−1
K , we have for any choice of C > 0 the estimate
|y∞|
− 12 ρ
Pϕ′1θqA ,0
(y∞)|b6=0, |y∞|
− 12 ρ
Pϕ′2θqA ,0
(y∞)|b6=0 = OC
(
(DK |y∞|)
−C
)
.
That is, we use the appearance of DA = O(DK) in the expansion of each qA(a, b) to enhance the region of
rapid decay to include D−1K < |y∞| < 1. Putting this together with the estimates for b = 0 contributions, we
then obtain the following estimates for any y∞ in the region D
−1
K < |y∞| < 1: For any choices of constants
B ≥ 1 and C > 0 in each case,
|y∞|
− 12 ρ
Pϕ′1θqA ,0
(y∞) =
1
wK
·
L1(1, Sym
2Π⊗ ξ)
L1(2, ωξ2)
+OB
(
|y∞|
B
)
+OC
(
(DK |y∞|)
−C
)
and
|y∞|
− 12 ρ
Pϕ′2θqA ,0
(y∞) =
1
wK
·
L1(1, Sym
2 Π˜⊗ ξ)
L1(2, ωξ
2
)
+OB
(
|y∞|
B
)
+OC
(
(DK |y∞|)
−C
)
.
Taking |y∞| = D
− 12
K for instance with B and C sufficiently large, we can deduce that the constant coefficients
ρ
Pϕ′jθqA ,0
(y∞) are not identically zero as functions of y∞ if the absolute discriminant DK is sufficiently large.
This in turn allows us to deduce from the nonvanishing of L(s, Sym2Π′) at s = 1 that for DK ≫ 1, these
constant coefficients are not identically zero as functions of y∞. Being smooth functions of moderate growth,
we deduce that we can specialize to other values of y∞ near zero to find similar limiting behaviour. Hence,
we argue as in Theorem 5.10 (cf. Lemma 4.11) that for DK ≫ 1, we have the estimates
|y∞|
− 12
∑
A∈C(OK)
ρ
Pϕ′1θqA ,0
(y∞)
= hK ·
{
1
wK
· L1(1,Sym
2 Π⊗ξ)
L1(2,ωξ2)
+OB(|y∞|
B) for any B ≥ 1 if 0 < |y∞| < 1
OC(|y∞|
−C) for any C > 0 if |y∞| ≥ 1
and
|y∞|
− 12
∑
A∈C(OK)
ρ
Pϕ′2θqA ,0
(y∞)
= hK ·
{
1
wK
· L1(1,Sym
2 Π˜⊗ξ)
L1(2,ωξ
2
)
+OB(|y∞|
B) for any B ≥ 1 if 0 < |y∞| < 1
OC(|y∞|
−C) for any C > 0 if |y∞| ≥ 1.
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Notice that the error terms in these estimates do not depend on the conductor of Π′ = Π ⊗ ξ, as in the
setting with the contour estimates for the cutoff functions appearing in the approximate functional equation
derived above (Lemma 5.1). Putting these estimates together in the corresponding regions, we deduce that
for sufficiently large absolute discriminant DK ≫ 1, the twisted basechange central value L(1/2,Π
′
K) can be
estimated for some constant κ > 0 as
hK
wK
·
(
L(1, ωξ2η) ·
L1(1, Sym
2Π⊗ ξ)
L1(2, ωξ2)
+W (Π′K) · L(1, ωχ
2η) ·
L1(1, Sym
2 Π˜⊗ ξ)
L1(2, ωξ
2
)
+O(Y −κ)
)
,(30)
where again Y = (DnKNf(Π
′
K))
1
2 = D
n
2
KNf(ΠK)
1
2Nf(ξ)n denotes the square root of the conductor of L(s,Π′K).
Taking the absolute norm of the conductor Nf(ξ) of ξ to be sufficiently large then implies the nonvanishing
of the basechange L-value L(1/2,ΠK ⊗ (ξ ◦ NK/F )). To be clear, it does not suffice to take the absolute
discriminant DK to be sufficiently large in this setting due to the appearance of the class number hK in
this latter estimate (30). We must therefore take the conductor of Π⊗ ξ to be large in some way to bound
the error term O(Y −κ) to derive the stated nonvanishing behaviour. Since the representation Π is fixed
(implicitly) in our setup, we must then take the norm of the conductor of ξ to be sufficiently large. 
Let us now assume that the dimension n ≥ 2 is even, and that the cuspidal GLn(AF )-automorphic
representation Π is cohomological and regular, with Hodge-Tate weights satisfying the conditions of Theorem
5.13 ([27, Proposition 6.1.1]). Let ξ = ⊗vξv be a nontrivial idele class character of F of conductor f(ξ) prime
to f(Π) having trivial archimedean component. Hence, ξ corresponds to a wide ray class character of F . The
corresponding GLn(AF )-automorphic representation Π⊗ξ is then also cuspidal, cohomological, and regular,
with Hodge-Tate weights satisfying the same conditions of Theorem 5.13. This ensures that the central value
s = 1/2 of L(s,Π⊗ξ) is critical in the sense of [15]. Let K be a totally imaginary quadratic extension of F of
relative discriminantD prime to f(Π). Taking for granted the result of Corollary 5.16, we decompose via Artin
formalism to deduce that the product of central values L(1/2, (Π⊗ ξ)K) = L(1/2,Π⊗ ξ)L(1/2,Π⊗ ξη) does
not vanish for sufficiently large absolute discriminant DK and absolute conductor Nf(ξ), where η = ηK/F as
before denotes the idele class character of F associated to the quadratic extension K/F . We can then argue
via Theorem 5.13 that L(1/2,Π⊗ ξ) (which does not depend on K) does not vanish for any of the Galois
conjugates ξ′ of ξ if the norm of the conductor Nf(ξ) is sufficiently large. Hence, we deduce the following
generalization of Rohrlich’s theorem [55].
Theorem 5.17. Assume the dimension n ≥ 2 is even, and that Π is a regular cohomological representation
with Hodge-Tate weight satisfying the conditions of Theorem 5.13 above, so λn
2
≤ 0 ≤ λn
2 +1
= w − λn
2
.
Assume as well that the idele class character ξ = ⊗vξv of F has trivial archimedean component, equivalently
that ξ corresponds to a wide ray class character of F . Then, the central value L(1/2,Π⊗ ξ) does not vanish
for sufficiently large absolute conductor Nf(ξ), and likewise for each L(1/2,Π⊗ ξ′) as ξ′ ranges over Galois
conjugates of ξ.
Proof. We choose an auxiliary totally imaginary quadratic extension K/F of sufficiently large absolute
fundamental discriminant DK prime to the conductor of Π, so that Theorem 5.16 implies the nonvanishing
of the basechange central value L(1/2,ΠK ⊗ (ξ ◦ NK/F )) = L(1/2,Π ⊗ ξ)L(1/2,Π ⊗ ηξ) for sufficiently
large absolute conductor Nf(ξ). We then consider the implications of Theorem 5.13 for the central value
L(1/2,Π⊗ ξ). 
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